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ABSTRACT 
Tailored gradation in elastic-plastic properties is known to offer avenues for suppressing 
surface damage during normal indentation and sliding contact. These graded materials have 
potential applications in diverse areas such as barrier coatings for structural components and 
industrial tools. The gradient in plastic properties is of greater significance for such 
tribological applications due to the higher level of plastic strains. However, no systematic 
study exists to predict the impact of plastic gradients for such abrasive events. Such a study 
is required, both for a fundamental understanding of the plastic gradient effects, and for a 
practical requirement of the design of graded surfaces.  
In this work, the effects of the plastic gradient on the surface deformation and hardness 
response are investigated through systematic experiments and simulations of the scratch test. 
For the case of the linear increase in the yield strength, some of the fundamental questions 
related to the mechanism of behavior are addressed, and its implications in the design of 
graded surfaces are discussed. Through derivation of dimensionless functions, a simple 
framework is developed to predict the scratch test response of such materials. A model 
plastically graded nanostructured Ni-W alloy is chosen for the experimental evaluation. In 
this material system, a linear increase in yield strength is introduced through a gradually 
decreasing grain-size with depth, based on the classic Hall-Petch effect. By recourse to the 
indentation and scratch tests, the effects of the gradient on the contact deformation response 
of the material are investigated and the results are compared with the numerical simulations 
of the same. A close agreement between the two studies demonstrates the applicability of the 
earlier design guidelines for such materials. 
Thus, the simulations and the experiments give valuable insight into the mechanics of 
plastically graded materials, and identify practical guidelines for the design of damage 
resistant surfaces. 
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1 Introduction  
The concept of engineering materials with property gradation has been widely 
researched since the initial focus in the mid-1980s [Steinberg, 1986; Sasaki and 
Hirai, 1991; Mortensen and Suresh, 1995; Suresh and Mortensen, 1997]. Gradation 
in properties, which is the gradual transition in microstructure and/or composition, is 
observed in natural materials like bamboo and shells, and in biological materials like 
bones and teeth. In engineering design, property gradation offers avenues to control 
and optimize material response through redistribution of stresses, either mechanical 
or thermal as well as elimination of stress concentration zones, and control of local 
crack driving force. Such engineered Functionally Graded Materials (FGMs) can 
find applications in diverse fields such as optimization of thermal stresses in aircraft 
parts and space vehicles, damage-resistant surfaces in armored plates and bulletproof 
vests, and barrier coatings for structural components and industrial tools [Suresh 
2001].  
The early research on FGMs focused on its high temperature application such as 
thermal barrier coatings in spacecraft where the material can be subjected to 
temperature variations as high as 1,000K. Due to the practical issue of diffusivity at 
these high temperature variations, research has since then been directed to the low 
temperature applications of FGMs, in particular to the study of mechanical gradation 
for resistance under contact load or the contact-damage resistance [Suresh, 2001]. 
Forms of mechanical gradation for an elastic-plastic material are depicted in Figure 
1-1 where the gradient is achieved either through a variation in the elastic property 
Young’s modulus ( E ) or the plastic property yield-strength ( yσ ) (other forms of 
elastic-plastic gradation can also exist). These materials are defined here as 
Elastically Graded Materials (EGM, Figure 1-1b) and Plastically Graded Materials 
(PGM, Figure 1-1c), respectively. 
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Figure 1-1: Mechanical Property gradient in elastic-plastic materials (a) Normal indentation 
on a graded material, the gradient denoted by β where β >0, <0, and =0 represents positive, 
negative and homogeneous materials, respectively. (b) Stress-strain behavior at various 
locations for elastic gradient. (c) Stress-strain behavior at various locations for plastic 
gradient. 
Significant progress has been made in fabricating such EGM and PGM. Jitcharoen et 
al. have developed a method to fabricate EGMs through controlled infiltration of 
glass into ceramics. The processing details and mechanical properties of EGMs are 
discussed in Chapter 2 [Jitcharoen et al., 1998]. Common engineering processes such 
as shot peening, ion implantation, and case hardening can introduce a plastic gradient 
in a controlled manner [Mortensen and Suresh 1995, Suresh 2001]. Another 
approach to developing a plastic gradient is guided by the functional requirements of 
designing materials with a tunable combination of strength, ductility, and contact-
damage resistance. This approach is based on the classic Hall-Petch (H-P) 
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relationship [Hall, 1951; Petch, 1951] and the superior strength of materials in the 
nano grain-size range, i.e. for grain-size smaller than 100 nm. The two concepts are 
explained below.  
The H-P relationship describes the dependency of the strength of metals and alloys 
on its microstructure. This is shown in Figure 1-2 and described by the equation 
below  
2/1−+= goy Kdσσ  (1-1) 
where gd is the mean grain-size of the material and oσ and K  are constants. The H-
P relationship has gained importance in recent years due to the capability of 
producing materials with grain-size in the nano range, commonly called the 
“nanocrystalline or nanostructured materials”. Through significant research, starting 
with the pioneering work by Gleiter, the advantages of these materials were 
identified as enhanced yield (Figure 1-3) and fracture strength, greater toughness, 
and superior wear resistance, compared to their microcrystalline counterparts (grain-
size ≥1um) [Gleiter, 1992; Suryanarayana, 1995; Kumar et al., 2003; Hanlon et al., 
2003; Suryanarayana 2005]. Disadvantages of these materials include their low 
ductility (Figure 1-3) [Ebrahimi et al., 1999; Dalla Torre et al., 2002; Schwaiger et 
al., 2002], faster crack propagation, [Hanlon et al., 2003] and limitations in 
processing materials in bulk. Nanocrystalline materials are finding increased use in 
thin surface applications such as surface coatings [Zhang et al., 2003]. 
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Figure 1-2: Schematic of Hall-Petch (H-P) relationship between strength and microstructure. 
Materials with grain-size < 100 nm, i.e. nanocrystalline materials have greater strength than 
the greater grain-size materials. H-P breakdown is observed at much finer grain-size (< 10 
nm).  
 
Figure 1-3: Typical monotonic tensile stress-strain response of pure nickel for different grain 
sizes, where nc, ufc, and mc denote nanocrystalline, ultra-fine crystalline, and 
microcrystalline Ni respectively. The figure demonstrates high strength and low ductility of 
nanocrystalline materials, compared to the microcrystalline counterparts (figure from Hanlon, 
2004). 
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Additionally, the high sensitivity of the yield strength to the grain-size, together with 
the superior strength of the nanocrystalline materials, opens up new avenues to 
designing superior strength PGMs through grain-size gradients. An example of such 
an approach is shown schematically in Figure 1-4, where through increasing (3-2-1) 
or decreasing (1-2-3) arrangement in grain-size, linear gradation in yield strength can 
be achieved. Such PGMs are henceforth called “grain-size graded” materials. 
Recently, Detor and Schuh have laid down a detailed technique to process such 
PGMs [Detor and Schuh, 2007].  
 
Figure 1-4: Grain-size arrangement for plastic gradient a) Normal indentation on a PGM, the 
gradient in yield strength denoted by β where β >0, <0, and =0 for positive, negative, and 
homogeneous materials, respectively. (b) Hall-Petch relationship showing grain-size and 
yield strength at corresponding locations. (c) Related stress-strain behavior at these 
locations. 
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Thus, elastic and plastic property gradients offer attractive opportunities to 
designing materials for low temperature functional applications. However, for 
design of such EGMs and PGMs, detailed knowledge of the effect of the gradient on 
mechanical response is required. Through analytical, computational, and 
experimental approaches, understanding of the gradient effects in EGMs has been 
reasonably well achieved for normal as well as sliding contact. For example, 
Giannakopoulos and Suresh derived closed-form solutions for point loads and 
axisymmetric indentations of materials with exponential and power law elastic 
modulus gradient [Giannakopoulos and Suresh, 1997]. Such gradation in elastic 
modulus was shown to offer higher resistance against development of cone cracks in 
normal contact [Suresh et al., 1997, Jitcharoen et al., 1998; Pender et al., 2001]  and 
to herringbone cracks in sliding contact [Suresh et al., 1999], as discussed in Chapter 
2.  
Studies of PGMs are starting to emerge. In recent studies, the effect of linear 
gradient in yield strength was investigated in normal contact [Giannakopoulos 2002, 
Cao and Lu 2004, Choi et al., 2007]. In all of these studies of PGMs, normal 
indentation was used as the characterization tool. In order to assess the response of 
PGMs for various functional applications, it is most relevant to study their 
tribological properties through sliding or scratch type contact, as discussed briefly 
below and in detail in Chapter 2. To the best of the authors’ knowledge, no such 
study has been performed in this regard. 
The normal indentation test has limited application in predicting tribological 
response. On the other hand, the scratch test, in which a hard indenter is slid across 
the surface of the material, provides a tool to test materials under conditions of 
controlled abrasive wear. It is routinely employed in practice to compare hardness 
and abrasive resistance of surfaces, to extract information relating to mechanisms of 
deformation and material removal, and to study delamination of coatings [Jacobsson 
et al., 1992, Bulsara et al., 1992; Williams, 1996]. Developments in instrumentation 
now provide the means to monitor load-depth response in normal as well as in 
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sliding contact across several length scales, observe friction evolution through 
continuous measurement of tangential loads along the scratch, and obtain residual 
scratch profiles using high precision profilometers and/or an atomic force 
microscope. Numerical simulation of scratch tests requires a full three-dimensional 
analysis due to the lack of axisymmetry, unlike indentation, together with the 
requirement of a large meshed zone to study the steady-state response. Progress in 
numerical capabilities and significant increase in computational power allows one to 
investigate such large-scale problems within acceptable accuracy and time limits. 
These developments have, however, not been exploited to understand the scratch 
mechanism of graded materials, but scratch response of homogeneous materials has 
been recently investigated [Bellemare, 2006; Wredenberg and Larsson, 2006]. Such 
knowledge does not only have fundamental importance, but is of immense practical 
relevance for the design of functional materials, as discussed above. 
1.1 Motivation and Research Objective 
Summarizing the above information, plastically graded materials are appealing 
candidates for design of contact-damage resistant surfaces in a wide variety of 
applications. With recent advances in processing, new requirements for the analysis 
and design of PGMs are emerging. Limited data exists in this field and are based 
only on the normal indentation analysis. For PGMs, it is more relevant to study their 
sliding response; however, no study exists in this area. The motivation for this 
research is thus to fill the important gap in understanding the effects of plastic 
property gradients, both from a theoretical perspective and for practical purpose, 
such as the design of PGMs.  
Based on the above, the research objectives, together with a brief description of the 
method of study are given below. 
1. To understand the mechanics and contact-damage resistance of PGMs under 
sliding contact through simulation of scratch tests and identify general strategies 
for design. 
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Analysis of the behavior of surfaces under sliding contact is required to assess 
the contact-damage resistance of surfaces in tribological applications and to 
provide design guidelines for the same. This can be achieved through numerical 
simulation of scratch tests for a range of material properties and gradients using 
the Finite Element Method (FEM). 
2. To investigate the scratch behavior and microstructural stability of grain-size 
graded nanostructured materials experimentally and numerically. 
The above analysis of PGMs has important implications on the design of grain-
size graded materials. Experimental observations of scratch test response of a set 
of graded nanostructured materials, together with a comparison with the 
numerical prediction can provide the opportunity to asses the validity of general 
PGM analysis for these graded materials.   
Additionally, nanocrystalline materials are known to exhibit microstructural 
instability through grain-growth under high stress and deformation. Presence of 
such grain-growth can undermine the effect of gradient. Multi-step indentation 
experiments can be used to assess such deformation-induced instability for 
graded materials. 
Figure 1-5 shows schematically the research approach, with the organization of the 
thesis described below: 
§ Chapter 2 describes the strengths and limitations of the indentation and 
scratch testing techniques in light of the current requirements for the 
evaluation of PGMs. This is followed by information regarding earlier 
research on the processing and evaluation of EGMs and PGMs for contact-
damage resistant surfaces, using the above testing techniques. 
§ Chapter 3 presents results from the parametric evaluation of linearly graded 
PGMs through numerical simulation of scratch tests. Based on the numerical 
 - 35 - 
analysis, dimensionless functions are derived and general guidelines for 
analysis and design are presented. 
§ Chapter 4 describes results from the experimental and numerical analysis of 
scratch tests of grain-size graded material systems. The numerical predictions 
of scratch tests are compared with the experimental responses to evaluate the 
applicability of the method for such grain-size graded PGMs.  
§ Chapter 5 examines the microstructral stability of grain-size graded PGMs. 
For this purpose, multi-step indentation is performed to evaluate 
deformation- induced mechanical response of these materials. 
§ Chapter 6 contains the conclusions of the research and identifies future areas 
of investigation. 
 
Figure 1-5: Schematic of the research approach 
Numerical Simulation of Scratch Test 
for parametric analysis of sliding 
response 
(Software: ABAQUS, Inc) 
Experiments and Simulation of Scratch 
Test on grain-size graded PGM 
(Equipment: NanoTest 600, 
MicroMaterials Inc)  
Multi-step Indentation Test for 
evaluation of deformation induced 
instability  
(Equipment: NanoTest 600, 
MicroMaterials Inc)  
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2 Contact-Damage Analysis: Method and 
Earlier Research 
2.1 Introduction 
In contact-critical applications such as coatings, excavator teeth, and cutting tools, 
the surfaces are routinely subjected to localized loading, leading to damage and 
wear. The hardness test, which is a measure of the ability of a material to resist 
permanent deformation or abrasion when in contact with a loaded indenter, provides 
a basic and quantitative measure of surface resistance. This field of mechanical 
testing originates from the classic work of Hertz [Hertz, 1882] who defined stress 
distribution and contact pressure between two elastic bodies in contact. With 
improvements in the testing and analytical methods, the hardness measurement 
technique has increasingly gained importance for quantifying the damage resistance 
of surfaces under contact load (or the “contact-damage” resistance). In some 
applications, such as thin coatings where the characteristic lengths scale down to the 
micro or nano range, the hardness test provides the only means for assessing the 
mechanical properties.  
The two most common types of hardness measurement method are the normal 
indentation test and the scratch hardness test. In the sections that follow, these 
methods are reviewed in light of their strengths, limitations, and areas of 
applications. Unless otherwise mentioned, the discussion is focused on “sharp 
indenters” due to their property of “geometric similarity” (see Appendix C for 
definitions). 
2.2 Normal Indentation Test 
In the normal indentation test, a chosen indenter is moved normally into the surface 
with a gradually increasing load (P) and depth (h), followed by the unload, as shown 
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in Figure 2-1. The “indentation hardness” IH  is then defined as the average pressure 
of contact and is given by eq. (2-1).  
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Figure 2-1: Schematic of normal indentation test on elastic-plastic material, where a rigid 
indenter (here conical indenter) is pushed normally to the surface, with gradually increasing 
load (P) and depth (h), the response depending on the material property. 
 
Figure 2-2: Schematic of typical indentation profiles for the loaded (in-situ) and the unloaded 
(residual) conditions, with associated geometrical terms.  
The hardness test thus measures the resistance of a surface to localized permanent 
deformation. Though the hardness value is related to the inherent properties of the 
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material, hardness by itself is not a fundamental property. Hence, several different 
measures of hardness exist, defined by the type of indenter used, examples being the 
Brinell and Meyer’s hardness using spherical indenters and the Vickers or Berkovich 
hardness using sharp indenters.   
For rigid-perfectly plastic materials, the following relationship exists between the 
measured hardness (H) and the material yield strength (σy) [Hill, 1950; Tabor, 1956],  
yCσH =  (2-2) 
where C is a constant approximately equal to three for the more common indenter 
geometry, and yσ  is the yield stress of the material. The above relationship between 
hardness and strength can be extended to other forms of material property. For 
example, for strain-hardening rigid plastic materials, the equation is valid when the 
yield strength is replaced by a representative value of strength ( rσ ). This value of 
strength is empirically obtained to be equal to the strength at approximately 8 -10% 
of plastic strain, the corresponding strain being defined as the “representative strain” 
[Tabor, 1956]. For the elastic-plastic materials with sharp indenters, besides the yield 
strength, hardness is also a function of the Young’s modulus E and the indenter 
geometry. This dependency can be represented by the eq. (2-3), where θ  is the semi-
apex angle of the indenter shown in Figure 2-2 [Johnson, 1970]: 
)cot(        where)( θσψψ y
EfH == . (2-3) 
These simple approximate relations between hardness and material property have 
been widely used for extraction of material properties from indentation, though 
improvements have been suggested [Giannakopoulos and Larsson, 1994; Dao et al., 
2001]. The greatest improvement in the aspect of material property extraction came 
about with the development of the “instrumented indenter” or the “depth-sensing 
indenter”, so called because of its ability to monitor continuously the load-depth 
response during the indentation process. Figure 2-3 shows schematically the curve 
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obtained during instrumented indentation, with the associated parameters defined 
below.  
C = slope of loading curve ( xChP = , x=2 for conical indenter) 
S = slope of initial unloading curve ( dhdP /= ) 
h = depth of indentation 
P = load of indentation 
hm = maximum depth of indentation 
Pmax = load at maximum depth of indentation 
hf  = residual depth after unload 
 
Figure 2-3: Typical load-depth response of elastic-plastic materials under instrumented 
indentation. Loading/unloading is denoted by the arrows on the curve. 
The slope of the loading curve is a function of the indenter geometry and the plastic 
properties of the surface, while the unloading curve is determined by the elastic 
properties. These effects are shown in Figure 2-4 for three different material 
responses namely elastic, elastic-plastic, and plastic. 
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Figure 2-4: Typical load-depth responses for different material properties. (a) Elastic material. 
(b) Elastic-plastic material. (c) Plastic material.  
Thus, clearly, the load depth parameters (i.e. fm hShPC  and ,,, max ) are a strong 
function of the material property. Based on this, two forms of indentation analysis 
can be defined - the “forward problem” and the “reverse problem”. As shown in 
Figure 2-5, the forward problem requires the extraction of the indentation response 
(i.e. fm hShPC  and ,,, max ) from the material stress-strain behavior, while the reverse 
problem requires the extraction of material property ( nE y ,,σ ) from the indentation 
response.  
 
Figure 2-5: Forward and reverse problems of indentation (figures from Gouldstone et al. 
2006). 
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Oliver and Pharr, who developed methods to estimate hardness and Young’s 
modulus from the load-depth response [Oliver and Pharr, 1992], initiated progress in 
the analysis of the forward and reverse problem. Using large deformation FE 
analysis, Dao et al. and others [Dao et al., 2001; Chollacoop et al., 2003; Bucaille et 
al., 2003; Cheng and Cheng, 2004; Cao et al., 2005; Wang and Rokhlin, 2005; 
Ogasawara et al., 2006] have developed closed form universal dimensional functions 
for complete forward and reverse analyses of indentation on homogeneous elastic-
plastic materials.  
2.2.1 Applications and Limitations 
Due to the simplicity of the indentation test method and the comparative ease of 
testing materials across several length scales through appropriate choice of load and 
tip geometry, indentation hardness is a commonly used testing technique 
[Gouldstone et al., 2007]. Progress in indentation tests now provides the capability to 
analyze and predict material responses for a range of properties for homogeneous 
materials. In addition, due to the localized nature of deformation, indentation tests 
have been used to obtain properties of spatially heterogeneous systems such as bone 
[Tai et al., 2007], or to evaluate the quality of surface coatings. Other applications of 
indentation include its applications as a flexible mechanical probe in diverse fields 
such as carbon nanotubes [Wong 1997; Qi et al., 2003] and soft biological tissues 
[Brismar et al., 1985; Gouldstone et al,. 2003].  
Furthermore, indentation testing can be extended to obtain mechanical properties 
continuously as a function of depth, commonly called the  “continuous-stiffness 
measurement” technique [Olive and Pharr 1992], or to evaluate deformation induced 
micro-structural changes using multi-step loading [Pan et al., 2006, Saraswati et al., 
2006, Vliet and Suresh 2002].  
The normal indentation test is a highly versatile technique for applications where the 
evaluation of penetration resistance is important. However, for tribological 
applications where wear arising from the relative motion between bodies in contact 
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is significant, normal indentation test has limited usefulness. As demonstrated in the 
subsequent section, the scratch hardness test has greater applicability in such 
tribological applications. 
2.3 Scratch Test 
In the scratch test, the indenter is moved first normally into the surface (A) to make 
contact at a specified normal load or depth, following which it is moved along a 
chosen scratch direction (A-B in Figure 2-6). The “scratch hardness” SH  is defined 
as the average pressure of contact assuming total loss of contact at the back of the 
indenter, and is given in the equations below. Similar to indentation hardness, scratch 
hardness is traditionally based on the residual profile. 
2,
22
mm
situins
a
P
A
PH π==−  (2-4a) 
2,
22
rr
residuals
a
P
A
PH π== . (2-4b) 
 
Figure 2-6: Schematic representation of the scratch test in an elastic-plastic medium using 
conical sharp indenter. The location “A” denotes indentation, followed by sliding along A-B, 
with “B” denoting a position of indenter along the scratch. Also seen is a typical profile 
perpendicular to the sliding direction where mm ha , denote the in-situ profile and 
rr ha , denote the residual profile (see also Figure 2-2) 
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Both indentation and scratch tests measure the resistance of the surface to permanent 
plastic deformation. However, there exist significant differences between the two in 
terms of the mechanism and the scale of the problem for analysis and experiment, as 
listed below: 
• Due to the axisymmetry of the indenter, indentation analysis is essentially a 
two-dimensional problem. The scratch test on the other hand, lacks 
symmetry, except along the plane of sliding. Hence, analysis of scratch tests 
requires full three-dimensional modeling, thus greatly increasing the problem 
size for theoretical and computational treatment. 
• While scratch tests affect larger areas of the surface along the sliding 
direction, indentation is a localized event. In numerical treatment using FEM, 
scratch tests require larger zones to be meshed, thus increasing the time of 
analysis compared to indentation (in this study, the time for numerical 
simulation of scratch tests was observed to be 2 to 3 orders of magnitude 
greater, compared to the indentation test). Similarly, for experimental 
treatment, scratch tests require larger areas of polished surface along with 
stringent surface polishing controls, compared to indentation tests.  
• The complex nature of the stress-strain distribution in scratch tests, together 
with the large area of analysis discussed above, prevents their comprehensive 
theoretical treatment.   
Thus, even though the scratch test is one of the oldest form of hardness measurement 
techniques [Mohs, 1824], developments in the theoretical understanding of its 
mechanism and its applications for property evaluation have been limited. Since the 
scratch test closely simulates controlled abrasive events, its use has been limited as a 
practical tool in industrial applications such as studying delamination of coatings, 
ranking materials in order of their abrasive resistance, and characterizing the 
mechanisms of deformations for various tribological purposes [Jacobsson et al., 
1992; Bulsara et al., 1992; Williams, 1996].  
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In one of the earliest attempts to understand the mechanism of scratch tests, 
analytical expressions were derived for the frictional sliding of a spherical indenter 
on elastic medium [Hamilton and Goodman, 1966]. Simplifying assumptions with 
regard to either dimensionality [Mulhearn and Samuels, 1962; Scrutton and Yousef 
1970; Challen et al., 1984, Torrance, 1987; Black et al., 1988] or the deformation 
mechanism [Gilormini and Felder, 1983; Childs and Walters, 1985; Williams and 
Xie, 1992] have been used to derive approximate solutions for the elastic-plastic 
media.  
Over the last few years, progress towards understanding the mechanism of scratching 
has been significant, guided by the advancement in the experimental and 
computational capabilities listed below:  
• Development of the depth-sensing indenters has provided enhanced 
capabilities to perform and monitor scratch tests over a wide range of load 
and depths. This is because most commercial indenters (Nanotest®600-Micro 
Materials, Ltd; TriboIndenter-Hysitron, Inc) have the capability to perform 
the scratch test with little or no modification. This is discussed in Chapter 4 
with respect to the Nanotest®600 platform.  
• Development of high precision profilometers and atomic force microscopy 
now provide improved imaging capabilities to quantify material removal 
behavior and the scratch profile.  
• Developments in the computational speed and in the capacity of the FEM 
software to handle large-scale three-dimensional problems now provide the 
means to handle large-scale problems such as simulation of scratch tests 
within acceptable time and accuracy.  
Research to exploit these enhanced capabilities is now emerging. In the two most 
recent studies, these advanced techniques were used to study the sliding response of 
a range of material properties using numerical and experimental approaches 
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[Bellemare, 2006; Wredenberg and Larsson, 2006]. Figure 2-7a shows the variation 
of the residual scratch hardness as a function of elastic-plastic properties, 
demonstrating considerable influence of the Young’s modulus to yield strength ratio 
(E/σy) and strain-hardening n (n as defined by the equation in the figure) [Bellemare, 
2006]. As observed in this study (Figure 2-7b), the representative strain in scratch 
tests (for strain hardening n < 0.35), was observed to be 33.6%, which is 
approximately four times the representative strain in indentation (8%). Wredenberg 
and Larsson [Wredenberg, 2006] obtained a similar behavior at 35% representative 
strain. The higher value of representative strain in scratch tests compared to 
indentation tests, clearly demonstrates the higher plastic shearing in scratch tests. 
The analysis of the reverse problem in scratch, shown in Figure 2-8, has also been 
developed and validated through comprehensive experiments [Bellemare, 2006].  
 
Figure 2-7: a) Scratch hardness variation with material property nE y  and /σ . (b) 
Normalized scratch hardness repH σ/ , showing a representative strain in scratch as 33.6%, 
roughly 4 times higher than in indentation (approximately 8%) (figure from Bellemare, 2006) 
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Figure 2-8: Algorithm for the reverse problem of scratch, demonstrating current capabilities 
in extracting plastic properties from scratch hardness tests (figure from Bellemare, 2006) 
2.3.1 Applications and Limitations 
As detailed above, though both indentation and scratch hardness measures are related 
to the material property, there is a significant difference between the two tests in 
terms of deformation mechanism and areas of their application. While indentation 
tests are suitable in predicting penetration resistance detailed earlier, scratch tests are 
useful in tribological applications such as predicting wear mechanisms or surface 
abrasive properties. Through recent advancement in instrumental and computational 
capabilities, scratch tests can now be used as a qualitative tool of comparison in these 
applications. These developments also open up new avenues for the analysis of the 
forward and reverse problem in scratch, where the scratch response can be predicted 
from the material property, or the material property can be extracted from the 
response under scratch, respectively. Additionally, a more fundamental 
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understanding of the abrasive mechanism, such as wear and effect of polishing on 
surface properties, can now be undertaken.  
2.4 Damage Analysis of Mechanical Gradation 
The normal indentation and scratch tests are important testing techniques for 
evaluating and comparing the response of materials under contact load. The earlier 
application of these two tests for homogeneous materials demonstrated a strong 
dependency of contact-deformation response on the elastic-plastic properties (E, σy, 
and n). Hence, gradation in these properties can significantly affect the response and 
deformation mechanisms of materials under contact loads.  
In the following two sections, earlier research on understanding the effects of elastic 
and plastic gradient on contact-damage resistance of surfaces is briefly reviewed. As 
demonstrated there, the indentation and scratch test techniques have proved very 
useful in these studies. 
2.4.1 Elastically Graded Material (EGM) 
A number of studies have focused on understanding the effect of the gradient in 
Young’s modulus on the stress-strain distribution and material response. The earliest 
study in this regard was done by Gibson, who performed analyses for the stability of 
foundations on such material systems [Gibson, 1967; Gibson, 1974]. With relevance 
to behavior under normal indentation, Giannakopoulos and Suresh derived closed-
form solutions for predicting the load-depth response of point loads and rigid 
axisymmetric indenters on elastically graded substrate for exponential and power law 
variations [Giannakopoulos and Suresh, 1997]. Figure 2-9 demonstrates 
schematically the variation of the load-depth response with elastic gradient.  
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Figure 2-9: Indentation on an elastically graded surface under spherical indenter. (a) 
Illustration of the exponential variation in Young’s modulus under the spherical indenter for 
increasing (α>0), decreasing (α <0), and homogenous material (α =0). (b) Corresponding 
load-depth response for the three cases of gradient where for homogenous material under 
spherical indentation 2/1hP ∝ , and the curves for graded substrate deviating from this 
response (figure from Suresh, 2001). 
In later studies, the theoretical results were validated through numerical and 
experimental approaches on specially designed EGMs [Giannakopoulos et al., 1999; 
Jitcharoen et al., 1998; Pender et al. 2001]. The EGMs used in these studies were 
obtained by infiltrating glass in ceramic under high temperatures. The composite 
thus obtained, had gradually increasing glass composition with depth, resulting in a 
gradual change in the elastic modulus. The chosen glass and the ceramic materials 
closely matched in their thermal coefficients. By doing so, the formation of internal 
stress from high temperature processing was avoided. In addition, by matching the 
materials in their Poisson’s ratio but having considerable difference in the Young’s 
modulus, a “clean” model system was formed where there was a significant gradient 
in elastic modulus but homogeneity in all other material parameters. This allowed the  
study of the effect of elastic modulus gradient independent of other mechanical 
influence.  
Figure 2-10a demonstrates this process for the case of oxynitride glass (SiALYON, 
E=110 GPa, ν=0.22) and 43NSi-α ceramic (E=320 GPa, ν=0.22), together with the 
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gradient in Young’s modulus thus obtained (Figure 2-10b) [Pender et al, 2001]. As 
shown in Figure 2-10c and d, under the same indentation load, the graded material 
showed increased resistance to the formation of cone cracks at the periphery of 
contact, commonly called the “Hertzian cone crack”. Through numerical simulation 
of normal indentation, the improved resistance was demonstrated to be due to the 
redistribution of the maximum tensile stress responsible for surface cracking, 
towards the interior of the surface.  
 
Figure 2-10: Contact-damage resistance of an elastically graded surface. (A) Details of the 
process of EGM formed by infiltration of SiAlYON glass into 43NSi-α  at high temperature. 
(B) Experimentally determined variation of the Young’s modulus for the galls-ceramic 
composite (C) Optical micrograph showing formation of Hertzian cone crack in 
homogeneous material under spherical indentation  (D) Optical micrograph for the EGM 
showing absence of crack under same indentation load on an spherical indenter (figure from 
Suresh, 2001). 
Under frictional sliding experiment of similarly processed EGMs (alumina-glass 
composites, Figure 2-11), the beneficial effect of EGM was observed through the 
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suppression of “Herringbone cracks” in the graded surface, shown in Figure 2-12 
[Suresh et al., 1999]. 
 
 
Figure 2-11: Processing of EGM. (a) Details of processing of EGM, formed by infiltration of 
aluminosilicate glass into dense alumina at high temperature. (b) Experimentally determined 
variation of the Young’s modulus below the surface (from Suresh et al, 1999) 
 
Figure 2-12: Optical micrograph showing formation of “Herringbone” cracks under the same 
maximum sliding load. (a) Cracks are very dominant in glass. (b) The intensity of cracks is 
reduced for the dense alumina. (c) No crack formation can be observed in the EGM under 
the same load of sliding (figure from Suresh et al., 1999). 
Other elastically graded material systems analyzed earlier include carbon fiber–
reinforced epoxy matrix composites with graded fiber orientations [Jorgensen et al., 
1998], stepwise graded silicon nitride – silicon carbide multilayer produced by 
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sintering methods [Pender et al., 2001], and graded polymeric woven composites in 
which the weaving pattern and concentration of fiber braids were spatially graded 
[Tai, 1999]. Normal indentation analysis was used in investigating their behavior for 
various engineering and biological applications.  
 The studies discussed above thus demonstrate the effect of controlled elastic 
gradient on improving the resistance of surface under contact, as well the capability 
of normal indentation and scratch tests in understanding and interpreting this 
behavior.  
2.4.2 Plastically Graded Material (PGM) 
The discussion in the earlier section demonstrated significant research focus on 
understanding and quantifying the effect of elastic gradient on contact-damage 
resistance of surfaces. In contrast, limited data exist for the case of plastic gradient, 
though the capabilities to produce these materials exist. Examples of PGMs include 
shot-peened and ion implanted metallic surfaces, case-hardened steel, and grain-size 
graded nanostructured materials (described in Chapter 1). Figure 2-13 demonstrates 
schematically the effect of plastic gradient on the load-depth response under a 
conical indenter. 
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Figure 2-13: Sharp indentation of plastically graded materials. (a) Details of contact for a 
conical indenter, (b) Stress-strain response at three different points of gradient, and (c) 
Load-depth response for increasing and decreasing gradient. Gradient is denoted by slope 
m where m> 0 (m<0) denotes the positive (negative) gradient (figure from Suresh, 2001) 
Through theoretical analysis of some idealized cases of gradient (i.e. rigid plastic 
materials with zero hardening), Giannakopoulos derived expressions to predict the 
load-depth response of PGM under conical indenter. Due to the complexity 
associated with the prediction of such behavior for generalized elastic-plastic 
properties, studies on PGMs have focused on the application of numerical techniques 
using FEM [Giannakopoulos, 2002; Cao and Lu, 2004; Choi et al., 2007].  
Through parametric analysis of linear plastic gradients for a range of material 
properties, Cao and Lu have derived dimensional functions for predicting the load-
depth response under an “equivalent Berkovich” indenter [Cao et al., 2004] (see 
Appendix C). Later work by Choi et al. developed a framework to derive analytical 
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expressions for predicting the load-depth response of generalized PGMs. For the 
case of a linear gradient, closed form universal dimensional functions were 
developed and the predictions were verified experimentally on grain-size graded 
PGMs.  
Beside the capabilities to predict the load-depth response, the earlier studies also 
demonstrated the effect of gradient on the stress-strain response. Positive gradient in 
yield stress was observed to suppress the formation of circumferential tensile stresses 
on the surfaces, as shown in Figure 2-14  [Giannakopoulos, 2002]. Gradient was also 
observed to affect the deformation response through changes in the pile-up response, 
as shown in Figure 2-15 [Choi, 2006].  
No study exists so far to quantify the effect of plastic gradient on sliding contact, 
though a significant effect is expected due to the larger plastic straining in scratch 
tests.  
 
Figure 2-14: Circumferential tensile stress distribution under same load for the three cases of 
material system. The plots here are for (a) homogeneous, (b) increasing, and (c) decreasing 
plasticity gradient, respectively. For the case of increasing gradient, the maximum tensile 
stress decreases by 3% compared to the homogeneous material, while for the case of 
decreasing gradient, the maximum tensile stress increases by 12% compared to the 
homogeneous materials. The location of maximum tensile stress appears below the surface 
for increasing gradient, which is different from the homogeneous or the decreasing graded 
case as indicated by the arrows above (from Giannakopoulos, 2002). 
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Figure 2-15: Effect of positive plastic gradient β, on the normalized in-situ pile-up response. 
(a) The normalized in-situ pile-up (s/h) with the plastic gradient β. (b) Figure showing a 
typical pile-up, where s denotes pile-up and h is the depth of indentation (from Choi, 2006). 
2.5 Summary 
As discussed above, both normal indentation and scratch tests provide fundamental 
tools to study the damage resistant behavior of surfaces. Development of 
instrumented indentation techniques and progress in computational capacity now 
provide us with a broad capacity to analyze and interpret the behavior of 
homogeneous and graded materials experimentally and numerically. For the case of 
homogeneous materials, forward and reverse analysis methods exist for both 
indentation and scratch test. Similarly, EGMs have been reasonably well quantified 
experimentally and numerically through indentation and scratch tests. The 
deformation mechanism and indentation response of PGMs has also been researched 
in detail and universal dimensionless functions have been derived to predict their 
response under normal indentation. However, the response of these materials under 
scratch tests has been unexplored so far. 
Controlled gradation in plastic properties can play a more important role in scratch 
resistance of PGMs due to the higher level of plastic strains. Thus, as discussed in 
Chapter 1, the analysis of PGMs under sliding contact is required not only for the 
fundamental understanding of such a contact, currently lacking in literature,  but also 
from the practical point of view of designing functional materials in tribological 
applications. 
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3 Analysis of Scratch Test on Plastically 
Graded Materials 
3.1 Introduction 
The elastic-plastic properties of materials and the indenter geometry play a critical 
role in influencing the response of material under normal indentation and sliding 
contact. For a given indenter geometry, plastic properties such as the flow strength 
( yσ ) and the strain-hardening exponent ( n ), become increasingly important for 
more plastic materials. Hence, gradation in plastic properties is expected to play an 
important role in influencing the material’s response under such contact conditions. 
As detailed in Chapter 2, the above has been demonstrated in earlier studies of 
normal indentation analysis [Suresh, 2001; Giannakopoulos, 2002; Choi et al., 
2007]. The influence of the plastic gradient on load-depth response can be 
summarized through Figure 3-1. A positive gradient or an increase in yield strength 
with depth, leads to a stiffer response, while a decreasing gradient leads to a more 
compliant response. In a recent study, universal dimensionless functions have been 
derived to predict such response for the case of positive gradient in yield strength 
[Choi et al., 2007]. Other aspects of behavior such as pile-up and stress-strain 
distribution are also affected by the gradient, as demonstrated earlier in these studies 
and discussed in Chapter 2. 
Just as it does for normal contact, the behavior under sliding contact is also expected 
to be affected by the plastic property gradient. However, unlike normal contact, 
considerable material ploughing occurs in sliding contact of elastic-plastic materials, 
generating much higher plastic strains. Representative strain, which is often used to 
relate hardness response of materials to its representative flow stress, is almost four 
times higher for steady state frictional sliding tests than it is in normal indentation 
[Tabor, 1956; Bellemare 2006; Wredenberg, 2006]. This higher representative strain 
indicates the difference in terms of material flow between normal and sliding 
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contact. Hence, the effect of plastic gradient is expected to be more pronounced in 
sliding contact.  
 
 
Figure 3-1: Sharp indentation of plastically graded materials, (a) Details of contact for a 
conical indenter. (b) Stress-strain response at three different points of gradient, and (c) 
Load-depth response for increasing and decreasing gradient. Gradient is denoted by slope 
m where m> 0 (m<0) denotes positive (negative) gradient (figure from Suresh, 2001) 
Based on the above background, the plastic property gradient can considerably 
influence material behavior, in normal and sliding contact. While normal indentation 
response of PGMs is reasonably well understood, no study exists so far to quantify 
the behavior for sliding contact. Such knowledge is required both for a theoretical 
understanding of response of PGMs and for design of such materials for functional 
applications such as surface coatings. 
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Through simulation of scratch tests using the Finite Element Method (FEM), the 
effect of gradient in yield strength is systematically investigated here. With the aim 
of establishing general guidelines for design of PGMs, questions such as the 
effective zone of influence of the gradient; sensitivity of load capacity and material 
removal characteristics to changes in gradient; and effect of friction on scratch 
response of PGMs are addressed. Additionally, dimensionless functions are derived 
to provide predictive capabilities in such analysis and design. 
3.2 Computational Setup 
Continuum-based FEM provides a powerful tool for solving a variety of engineering 
problems with generalized loading and boundary conditions. In recent years, FEM 
has gained tremendous acceptance in such analysis and design due to increased CPU 
speeds, automation of the common tasks such as mesh generation, iterative load 
stepping for solution accuracy of non-linear iteration scheme, and availability of 
user-friendly interfaces. A large number of commercial programs are now available 
for FEM’s practical implementation, which include general-purpose programs such 
as ABAQUS and ADINA, and application specific programs such as PLAXIS (used 
in civil engineering analysis).  
The approach using FEM is especially important for studying complex problems 
such as sliding contact on elastic-plastic materials, because there are limitations in 
directly obtaining theoretical or analytical solutions to such problems. Here, using 
the commercial FEM package ABAQUS (ABAQUS Inc., Pawtucket, RI, USA), a 
parametric analysis of PGMs is undertaken as detailed in this Chapter. 
3.2.1 Constitutive Model  
The material is modeled as elastic-plastic where equations governing true stress-
strain response are given below and the behavior is shown in Figure 3-2.  
εσ E=   for yσσ ≤  (3-1a) 
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E )1( εσσσ +=   for yσσ ≥ . (3-2)  
where E is the Young’s modulus, yσ is the initial yield stress, i.e. at zero offset 
plastic strain,  n is the hardening exponent, ε  is the total effective strain which is the 
of sum of elastic and plastic strains as pe εεε += , and eε  and pε  are the elastic and 
plastic strains respectively. Incremental theory of plasticity with von Mises effective 
stress is assumed. 
 
Figure 3-2: The elastic-plastic material behavior used in the current study 
The scratch profile along the direction of sliding plane is shown in Figure 3-3, with 
Figure 3-4 showing the profile perpendicular to the direction of the scratch for 
loaded (in-situ) and unloaded (residual) conditions. The associated nomenclature in 
indentation and scratch are described below.  
θ  = included apex angle of the cone 
z = depth below surface 
hm = maximum in-situ depth 
hr  = residual depth after unload 
am = “true” contact radius at maximum in-situ depth 
ar = contact radius at maximum residual depth 
a = apparent contact radius at maximum in-situ depth ( θtanmh= ) 
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hp = in-situ pile-up height at maximum depth, h  
hpr = maximum residual pile-up height 
 
 
Figure 3-3: Schematic of scratch profile along the direction of sliding (i.e. symmetric plane) 
showing material pile-up in front of the indenter. No elastic recovery occurs at the back of the 
indenter for the case shown here. 
 
 
Figure 3-4: Schematic of a typical scratch profile, perpendicular to the sliding direction, 
indicated by direction of the tangential load TF . Associated geometrical terms for the in-situ 
and residual profile are shown. 
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As shown in the figure, linear gradation in yield strength is introduced along the 
depth z below the surface and is characterized by the slope β. This relationship is 
represented by the equation:  
)1(,, zsurfyzy βσσ +=  (3-3) 
where surfy,σ  and zy,σ are the yield strengths at the surface and at a depth z, 
respectively. In line with the traditional definition of hardness, scratch hardness sH  
is based on projected contact area given by half the circle of contact rm aa or   (to 
account for loss of contact at the back of the indenter) while indentation hardness 
IH  is based on full projected area of contact. These values are given by equations 
3.4 and 3.5 below, based on the in-situ and residual profiles respectively.  
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3.2.2 Finite Element Model Setup 
A full three-dimensional mesh was used in the analysis with the domain boundary 
chosen far enough to prevent any boundary effects. The overall mesh is shown in 
Figure 3-6a and consists of 97,186 first-order reduced integration tetrahedral 
elements. The indenter was modeled as a rigid cone with an apex angle 70.30 as it is 
considered approximately equivalent to a Berkovich indenter (see Appendix C). The 
mesh was refined in the zone of contact such that at least 12 elements were in contact 
at full indentation. This is based on the apparent area of contact, whereas in actual 
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problem, “sinking-in” or “piling up” is known to occur depending on material 
property and is shown in Figure 3-5. This causes the “true diameter” (true contact 
area) to deviate from the apparent diameter (apparent contact area). For the current 
analysis of scratch tests on elastic-plastic materials, pile-up is observed (as shown in 
Figure 3-6b and discussed later in section 3.3.1), as a result of which, the actual 
number of elements in contact is higher than twelve.  
 
Figure 3-5: Illustration of (a) pile-up, and (b) sink-in around sharp indenters and relationship 
between true and apparent contact diameter (based on Giannakopoulos and Suresh, 1999). 
  
 
(a)      (b) 
 
Figure 3-6: (a) Overall mesh design for scratch simulation with conical indenter and (b) 
details of mesh close to the indenter at full contact. The scratch direction is along the –Z 
direction. 
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Indentation and scratch were simulated respectively by moving the indenter normally 
down to a fixed depth, and then tangentially along the scratch direction, up to a 
maximum of approximate six times the contact radius to reach steady state. Large 
deformation formulation with displacement-controlled steps was used in the analysis. 
The external user subroutine feature of ABAQUS was incorporated to introduce a 
gradient independent of the mesh design. At the start of the scratch test, numerical 
instabilities are observed in obtaining convergence for the sliding contact. This is 
attributed to the “softening effect” observed in load-controlled scratch as shown in 
Figure 3-7. The softening effect is ascribed to the loss of contact at the back of the 
indenter as the sliding starts. This effect becomes more critical for higher plastic 
materials, both due to insignificant elastic recovery (see Figure 3-3, which shows no 
elastic recovery at the back, leading to full loss of contact at those two faces) and 
higher level of deformation in these materials. To obtain faster numerical 
convergence in these materials, the surface was indented approximately 20% deeper 
than the targeted depth. As the scratch starts, this penetration depth is gradually 
decreased to the targeted value within the first one-third of total scratch distance, 
keeping the depth constant beyond that. This was observed to result in faster 
convergence. 
 
Figure 3-7: Typical load response along scratch direction. For constant depth of scratch, the 
indenter initially shows “softening effect” resulting from loss of contact at the back of the 
indenter, followed by the load gradually climbing up to the steady state value. 
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This FE setup was verified wherever possible with previously known analytical 
and/or numerical solutions. In particular, the mesh was compared against the 
theoretical solution of frictional sliding of a spherical indenter on uniform elastic 
material [Hamilton and Goodman 1966]. The result was found to be within 2% of 
theoretical solution for µ < 0.25, and within 11% for µ =0.50. The increased 
deviation for higher friction was due to the simplified assumption regarding contact 
pressure distribution in the theoretical study. The indentation response on elastic-
plastic materials was found to be in close agreement with closed form solutions of 
Dao et al. [Dao et al., 2001]. Finally, the integration of the external subroutine was 
verified by reproducing previously published results for elastic and plastic gradients 
[Suresh et al. 1997; Choi, 2006]. Plots related to the above verification process are 
provided in Appendix B. 
Choosing an analysis scheme depends on engineering judgment regarding both, close 
mathematical approximation of the actual problem being simulated, and efficiency of 
numerical convergence. Here, the implicit analysis scheme of ABAQUS/Standard® 
is used as it allows for comparative ease in introducing property gradient; however, 
this comes at the cost of increased computational time when compared to the explicit 
scheme. For a single steady state scratch test performed on a 64-bit Intel® Xeon 
processor, the solution time varies from 36 to 70 hours, depending on material 
property.  
3.2.3 Dimensional Analysis 
Indentations and scratch tests on homogeneous materials using sharp indenters such 
as conical and Berkovich, lead to geometrically similar indentations where the 
behavior is independent of depth of penetration, as detailed in Appendix C. The 
mechanical response such as load P under such conditions will then depend only on 
the material properties and tip geometry, as given by equation 3-6 
),,*,( θσ nEfP y= . (3-6) 
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Here E* is the reduced modulus incorporating Young’s modulus and Poisson’s ratio 
for the indenter ( IIE ν, ) and surface ( ν,E ) respectively and is given by equation 3-7 
below, the other terms defined earlier. 
EEE I
I
22 11
*
1 νν −+−=  . (3-7) 
However, for a material with property gradient, the load response does not remain 
independent of penetration depth, and additional parameter comes into play due to 
property gradient and depth of penetration, as given below 
),,,,*,( , msurfy hnEfP βθσ= . (3-8) 
To predict the effect of each of these parameters independently on the mechanical 
response of the graded material, a large number of simulations is required, which is 
practically impossible to handle, especially for large contact problems such as 
scratch tests. Dimensional analysis provides an important tool to handle such large 
parametric space by reducing the problem to a smaller number of dimensionless 
variables. This approach has been used earlier for deriving universal scaling relations 
in indentation and scratch behavior for homogeneous and graded materials [Cheng 
and Cheng, 1998; 1999; Dao et al., 2001; Bellemare et al., 2006; Choi et al., 2007]. 
By applying the Pi theorem of dimensional analysis, the above relation can be 
reduced to form given by equation 3.9a. For a fixed indenter and strain- hardening, 
this can be further simplified to equation 3.9b  
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Based on similar analysis for pile-up hp and tangential load FT, the following 
relations are obtained: 
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),,,,*,( , msurfypp hnEfh βθσ=  (3-10) 
),,,,,*,( , msurfyTT hnPEfF βθσ= . (3-11) 
The above equation reduces to the dimensionless form of eq. 3-12 for constant 
hardening and indenter geometry: 
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The exact forms of the functions 321  and ,, ΠΠΠ  are derived later in this chapter. 
3.3 Results and Discussion 
Using the above-described setup, frictionless scratch simulation was performed for 
the range of material properties representing common engineering materials. In 
particular, the Young’s modulus was varied from 10 to 200GPa and surface yield 
strength surfy,σ  from 10 to 3000MPa such that E/ surfy,σ  varied uniformly from 40 
to 500; the fixed material parameters being Poisson’s ratio of 0.3 and hardening 
exponent of 0.1. The choice of the hardening exponent was guided by the low 
hardening observed in nanocrystalline and ultra-fine grained metals and alloys, one 
of the promising application avenues of graded material systems. Five different 
values of gradient ( mhβ  = 0.0, 0.25, 0.5, 1.0 and 1.25) were considered, leading to 
60 cases thus analyzed. A limited number of additional simulations were also carried 
out to study the effect of friction on gradient (interfacial friction coefficient =0.0, 
0.08 and 0.12 for mhβ =0.0 & 0.5, surfyE ,/* σ =137.4).   
3.3.1 Pile-up and Strain Field 
During indentation of elastic-plastic materials, pile-up or sink-in is observed 
whereby the material is either pushed up outward along the indenter or down inward 
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towards the bulk material respectively, as shown earlier in Figure 3-5 for the case of 
conical indenter [Tabor, 1970]. This causes deviation of the apparent contact 
diameter from the true contact diameter and can lead to significant errors in 
measurement of area and to the related quantity such as hardness. It is thus important 
to study this effect, both in indentation and sliding contact. The effect is especially 
pronounced in the latter due to greater plastic straining.  
For homogenous plastic materials, keeping other analysis parameters constant, the 
pile-up behavior is a strong function of the material property yE σ/*  [Cheng and 
Cheng, 1998; Bucaille, 2001; Bellemare et al., 2007]. As shown in Figure 3-8a, a 
similar trend is also observed in the current study, both for the homogeneous and 
graded materials, where the normalized pile-up shows a strong dependency on the 
surfyE ,/* σ  ratio. The value of normalized pile-up almost doubles with an increase in 
an order of magnitude of surfyE ,/* σ  ratio. For a given surfyE ,/* σ  ratio however, a 
low sensitivity is observed and is shown in Figure 3-9a. The normalized pile-up 
response initially increases for lower value of gradient, gradually changing to a 
decreasing trend at steeper gradients (Figure 3-9a). Overall, pile-up appears to be a 
stronger function of the material property surfyE ,/* σ  as compared to plastic gradient 
term mhβ .  
 
 - 69 - 
    
Figure 3-8: Variation of normalized in-situ pile-up for (a) homogeneous and (b) graded 
materials ( mhβ =0.50, 1.25) with increasing surfyE ,* σ . The pile-up response shows a 
strong influence of material parameter surfyE ,* σ with the pile-up increasing with increase in 
this value. 
The trend observed in Figure 3-9, though not intuitively obvious, seems to be a result 
of real physical mechanisms, as observed from the plot of plastic strain profile from 
below the indenter (Figure 3-9b). As shown, the zone of plastically strained material 
lies within 2 to 3 times the penetration depth for the homogeneous and graded case, 
the higher strains occurring at and very close to the surface (i.e. depth mh< ). 
Gradient in plastic property causes an increase in plastic strains at the surface, 
together with a decrease in the depth of strained zone. Due to this localized nature of 
strain, the pile-up behavior appears to be a function of surface property both for the 
homogeneous and graded materials. For steeper gradient, however, the increase in 
plastic strain is partly counteracted by higher strength materials closer to the surface, 
leading to the slight decreasing trend in pile-up. As observed in the following 
section, the localized behavior in pile-up is in contrast to the effect of gradient on 
stress distribution, where the behavior is governed by the bulk property rather than 
the surface property.   
As described in Chapter 2, a decrease in the in-situ pile-up was also observed for 
indentation on PGMs [Choi, 2006], though at much steeper gradient. This difference 
arises from the 3 to 4 times higher plastic strains in scratch tests than in indentation. 
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Figure 3-9: (a) Variation of normalized in-situ pile-up with gradient and (a) typical equivalent 
plastic strains across depth below indenter ( surfyE ,/* σ =82.4, mhβ =0.0, 0.5, 1.25). Pile-up 
initially increases with increase in gradient and then starts to decrease for higher gradient. 
The strain profile can be used to explain this phenomenon through the relatively small zone 
of plastically strained material below the indenter. 
3.3.2 Load Capacity and Stress Field  
In contrast with pile-up behavior, the normalized loading response is significantly 
affected by the increase in plastic gradient as shown in Figure 3-10a. This effect 
becomes increasingly prominent at higher surfyE ,/* σ  ratio. For a given elastic-
plastic ratio in homogeneous materials, a similar trend is also expected with an 
increase in the hardening exponent. However, the difference in the un 
derlying mechanism between homogeneous and graded materials can be seen from 
Figure 3-10b where the typical von Mises stress is plotted in a vertical section in 
front of the indenter, perpendicular to the scratch plane, for three different values of 
gradient ( mhβ =0.0, 0.50, and 1.25). For homogeneous materials, the highest stress 
zone lies close to the surface. In contrast, with yield gradient, redistribution of 
stresses occurs such that while surface stress remains roughly the same, the zone of 
maximum stress shifts below the surface. The affected zone of plasticity gradient 
appears to be within five times the scratch depth (roughly 50% of the traditionally 
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assumed zone of plastic influence). Further, the zone of increasing von Mises stress 
lies within three times the scratch depth, gradually moving towards the surface with 
increasing gradient.   
 
Figure 3-10: Details of steady state loading response showing (a) variation in normalized 
load with mhβ  and  (b) typical von Mises stresses along depth in front of the indenter 
( surfyE ,/* σ =82.4, mhβ =0.0, 0.5, 1.25). The increased load for graded materials is 
attributed to the redistribution of the higher stressed zone below the surface. The zone of 
influence of gradient appears to be within 5 times the indentation depth. 
3.3.3 In-situ Hardness 
From the steady state scratch profile, the in-situ scratch hardness is the average 
pressure on an area defined by half the circle of contact as given earlier as 
2,
2
m
situins
a
PH π=− . Hardness thus incorporates the responses of pile-up and load 
capacity, both of which are described independently in the earlier sections. The 
values of the in-situ hardness obtained from the current simulation is shown in 
Figure 3-11a. The scatter in the hardness observed in the plot is due to the scatter 
associated with estimation of pile-up. In order to get an exact value of pile-up from 
simulation, a node is required exactly at the tip of pile-up, which is usually not 
achieved even with a refined mesh. 
 - 72 - 
From previous studies of scratch tests on homogeneous materials with strain 
hardening, a representative strain in the range of 33.6% - 35% was identified to 
represent normalized hardness measure [Bellemare 2006, Wredenberg 2006], 
independent of the strain-hardening. In the current study, an additional length scale is 
introduced due to plasticity gradient. With that in mind, and in the spirit of 
representative strain, the term representative depth is introduced here and is defined 
as “the depth below surface, at which the yield stress denoted by zrepr,σ  can be used 
to characterize the normalized scratch hardness, independent of material gradient”. 
Using a representative strain of 33.6%, it is observed that for a representative depth 
of 0.65hm, the curves of Figure 3-11a collapse within 5% error, as shown in Figure 
3-11b (see also Figure A-4, Appendix A). The normalized hardness of the graded 
surface then has the following form: 
)*log(12.063.2
,,
,
zreprzrepr
situins EH
σσ +=
− . (3-14) 
The above discussion on hardness is based on the in-situ area of contact. In depth-
sensing indentation tests, in-situ hardness can be estimated relatively easily using the 
advanced analysis schemes now available [Dao et al., 2001; Bucaille et al., 2003; 
Cao et al., 2005 among others]. However, in absence of such schemes for scratch 
tests, the experimental scratch hardness measure is based on the residual area of 
contact. The difference between the two will depend on the amount of elastic 
recovery, i.e. essentially hardness measure will depend on the difference 
between rm aa  and  shown here in Figure 3-12, and earlier in Figure 3-4. An estimate 
of this difference has not been made in this study. However, based on earlier analysis 
on homogeneous materials, the two hardness measures are expected to be close, 
especially for materials having significant plasticity [Stilwell 1961; Li et al. 2002]. 
More importantly, the trend observed in Figure 3-11a is expected to remain 
unchanged. 
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Figure 3-12: Elastic recovery of conical indentation, indicated by the simultaneous 
representation of the in-situ and residual profile. 
3.3.4 Effect of Friction 
The apparent friction coefficient ( appµ ) is given by the ratio of total tangential force 
FT  to normal force P. This can be decomposed into the adhesive ( aµ ) and ploughing 
( pµ ) terms as follows [Bowden and Tabor, 1986]  
pa
T
app P
F µµµ +== . (3-15) 
Under the assumption of constant contact pressure and full elastic recovery at the 
back of the indenter, the ploughing term for a sharp conical indenter of apex angle θ 
is given by [Goddard and Wilman, 1962] (see also 4.4.3) 
θπµ cot
2=p .  (3-16) 
For frictionless scratch simulation in the present analysis, 0=aµ  and 
hence papp µµ = . From the current study of the frictionless scratch analysis, the 
value of appµ  is plotted as a function of surface properties in Figure 3-13. Both for 
the homogeneous and graded materials, the value of pµ increases with increase in 
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plasticity or surfyE ,/* σ , gradually approaching the theoretical prediction at higher 
values. This deviation from the theoretical prediction is a result of the simplified 
assumptions used in the theoretical derivation, which is obeyed closely only at 
high surfyE ,/* σ .  
It is also observed that for a given surfyE ,/* σ , an increase in gradient causes a 
decrease in the ploughing term. Based on the earlier discussions in sections 3.3.1 and 
3.3.2, this can be attributed to the increase in normal load capacity for graded 
systems, without comparable change in material ploughing response. The effect of 
decreasing friction with increase in gradient is of significance in tribological 
applications of graded materials, where reducing friction even by a small amount can 
result in large changes in the wear behavior [Challen and Oxley, 1984]. However, 
this effect of gradient should be further probed through friction sliding simulations.  
To study the effect of friction on sliding response, limited frictional sliding 
experiments were also performed whose results are shown in Figure 3-14 and Figure 
3-15a. Based on Figure 3-14, from frictional and frictionless scratch simulation for 
the same material property, the stress distribution shows little or no sensitivity to 
friction, however, the strains show considerable increases at the surface due to the 
presence of friction. Both these plots are at a vertical section perpendicular to the 
scratch plane as before. As expected, the increased strain at the surface translates into 
an increase in the pile-up response, and is shown in Figure 3-15a. 
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Figure 3-13: The effect of increasing plasticity on the apparent friction coefficient from 
scratch simulation with no adhesive friction (= the ploughing friction). The homogeneous 
case approaches the theoretical value of the ploughing term for materials with high plasticity. 
Increasing gradient causes a decrease in friction coefficient, which is attributed to increase in 
normal load with relatively small variation in pile-up.  
 
Figure 3-14: Effect of changes in interfacial friction coefficient (µ=0.0, 0.08, 0.12).(a) Von 
Mises stress, where the location and value of maximum stress shows little sensitivity to 
friction. (b) Equivalent plastic strain below indenter showing increased plastic strains on the 
surface. Due to the increases surface straining, there is greater plastic flow on the surface 
leading to increased material pile-up along the indenter.  
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Figure 3-15: Effect of friction on the pile-up height (a) From steady-state scratch  test (b) 
From residual indentation. Friction causes an increase in pile-up in scratch tests while it 
decreases pile-up in indentation. 
3.4 Indentation vs. Scratch  
This section briefly summarizes the differences in behavior between indentation and 
scratch tests. Figure 3-16a shows the trends in loading response for homogeneous 
and graded materials from indentation and sliding simulations. Both tests show 
similar trend in behavior, with the load during scratch approximately 10% higher 
than during indentation. However, there is a significant increase in the pile-up 
response during scratch, as shown in Figure 3-16b for two different values 
of surfyE ,/* σ , where the open symbols denote indentation response and filled 
symbols denote scratch response. In addition, friction tends to increase the pile-up in 
scratch tests while it tends to decrease the pile-up in indentation tests as shown in 
Figure 3-15. Overall, from the scratch simulation with no adhesive friction, the ratio 
between scratch and indentation hardness is observed to be in the range of 1.2 to 1.6, 
as shown in Figure 3-17. Based on the difference in frictional pile-up behavior 
between the two tests, this ratio is expected to be significantly affected with the 
presence of the adhesive friction.   
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Thus, though indentation and scratch test responses are both guided by the plastic 
properties of the material, there lie significant differences between the two, mainly 
due to difference in deformation mechanisms and level of plastic straining. From a 
practical point of view, indentation tests are preferred compared to scratch tests due 
to the relative ease in performing experiments and simulation, and interpretation of 
results. There is thus an obvious advantage in developing a clear correlation between 
the two tests such that one can be inferred from the other. 
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Figure 3-17: Ratio of true hardness of scratch and indentation. Overall, the value lies 
between 1.6 and 1.2 for the material property and the gradients considered here. The 
hardness ratio decreases with increasing plasticity showing the increasing effect of pile-up 
behavior. 
3.5 Prediction of Sliding Response 
Based on the FE analysis of sliding contact for fixed θ and strain hardening (n=0.1) 
as detailed above, the following forms for the dimensional functions  
321  and , ΠΠΠ  are derived as detailed below. 
3.5.1 Load Response 
Through a curve fitting process as discussed in detail in Appendix A, the 
dimensional equation for the variation of normalized load with material property and 
gradient was obtained. The form of the equation thus obtained is given in eq. 3.17 
below and is plotted in Figure 3-18. The points in the figure are from values obtained 
from the FE prediction, while the lines denote predictions from the derived equation. 
The close agreement between the two demonstrates the predictive capability of the 
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derived equations. Additional details regarding the fitting procedure are given in 
Appendix A. 
)*ln(
,2,
1
surfy
PP
msurfy
EBA
h
P
σσ +==Π  (3-17) 
where 
PP BA   and  are functions of mhβ=Λ  given as 
909.3226.41815.10B
211.7001.12391.24A
2
P
2
P
+Λ−Λ−=
−Λ−Λ=
.   
 
 
Figure 3-18: Variation in normalized load with surfyE ,/* σ and mhβ  where the lines denote 
prediction, using dimensional equation, and points are from the FE analysis.  
3.5.2 Pile-up Response 
Through curve fitting procedures explained in Appendix A, the derived dimensional 
form is given by equation 3.18 below and is plotted in Figure 3-19 along with FE 
values. It should be noted here that the pile-up obtained from simulation is associated 
with some mesh sensitivity effects because in order to get an exact value of pile-up 
from simulation, a node is required exactly at the tip of pile-up. This cannot be 
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achieved for all the cases analyzed even with a refined mesh due to the varying 
nature of pile-up. In light of these limitations, the function described above captures 
very well, both the low sensitivity of pile-up to material gradient mhβ and its strong 
sensitivity to elastic-plastic ratio surfyE ,/* σ .  
)*ln(
,
2 h
surfy
hh
m
p CEBA
h
h +−==Π σ   (3-18) 
where 
hhh CBA  and , are functions of mhβ=Λ  given below 
246.342467..55971.6C
0991.00761.00388.0B
0894.02127.0081.0A
2
h
2
h
2
h
−Λ+Λ−=
−Λ−Λ=
−Λ−Λ=
 . 
    
Figure 3-19: Variation of normalized in-situ pile-up (a) For homogeneous and graded 
materials ( mhβ = 0, 0.5) with increasing plasticity, i.e. surfyE ,* σ  .(b) For materials with 
increasing gradient. The line denotes predictions from equations and the points represent FE 
results. 
3.5.3 Apparent Friction Coefficient 
The dimensional equation for the variation of apparent friction coefficient with 
material property and gradient has the form given by the equations below and is 
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plotted in Figure 3-20 along with FE predictions. Just as before, additional 
information for the fitting procedure is provided in Appendix A. 
µµµ CT BAP
F
)/1(3 Γ+==Π  (3-19) 
where 
surfy
E
,
*
σ=Γ  and µµµ CBA  and , are functions of mhβ=Λ  given below 
688.00265.00731.0C
883.08504.04507.0B
2427.0017.00169.0A
2
µ
2
µ
2
µ
+Λ+Λ−=
−Λ−Λ=
+Λ−Λ=
 . 
 
Figure 3-20: Dimensionless equation prediction for the variation of apparent friction 
coefficient. The line denotes predictions from equations and the points represent FE results 
shown earlier. 
3.6 Implications of Dimensional Analysis 
The dimensionless equations above, together with the hardness prediction derived 
earlier in section 3.3.3, provide the ability to predict quantitatively, aspects of the 
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forward problem for the in-situ scratch response of frictionless scratch tests as 
indicated in Figure 3-21. Thus, future work on materials that lie in the current 
parametric space (for 500*40 , << surfyE σ  and with strain hardening of 0.1) will 
require no further numerical computations for estimating the scratch response.  
 
Figure 3-21: Schematic of predictive capability for the forward problem using dimensionless 
equations. 
In addition, from the experimental value of friction ( exp,appµ ) and using the 
equation of interfacial friction derived earlier (3-19), the value of interfacial friction 
can be obtained as a first approximation, using eq. (3-20). 
3exp, Π−= appa µµ . (3-20) 
3.7 Conclusion and Final Remarks 
This work examined the effect of linear gradient in yield stress on the sliding 
response simulation of scratch tests. The basic conclusions of this work are the 
following: 
1. Load and pile-up response: From constant depth scratch tests, a positive 
gradient in yield strength is observed to affect both, the load carrying capacity of 
the material and its pile-up response as detailed below.  
• For pile-up, the value increases with the presence of lower gradients, 
gradually changing to a decreasing trend at steeper values of gradients. The 
underlying mechanism is rationalized through the localized nature of plastic 
straining (Figure 3-22c, PEEQ denotes equivalent plastic strains), which 
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leads to a strong dependence of the pile-up on the near-surface properties 
(zone A in Figure 3-22a). 
• For the load capacity, the presence of gradient causes an increase in the load 
capacity for all material properties considered here. In contrast to the pile-up, 
the load response is dominated by the bulk properties of the material, with the 
zone of influence being approximately five times the scratch depth (zone B in 
Figure 3-22a). Even more important is the effect of gradient on redistribution 
of von Mises stresses such that the peak values lies below the surface, thus 
improving the surface resistance (Figure 3-22b).  
 
Figure 3-22 Schematic of the gradient influence (β>0) on material response under sliding 
contact. Zone “A” denotes the zone of plastic shearing and zone “B” denotes the zone of 
gradient influence. 
2. Homogeneous vs. graded response: Compared to homogeneous materials, the 
main differences of the effect of plastic gradient are identified as follows (also 
see Figure 3-22 a and b, where the dashed lines denote response of the 
homogeneous samples): 
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• From earlier studies on homogeneous materials, a strong effect of elastic-
plastic ratio ( surfyE ,/* σ ) and strain-hardening exponent (n) was observed 
on the pile-up response [Bellemare, 2006]. In contrast, presence of the 
gradient shows a smaller effect on the pile-up value.  
• For a given ratio of surfyE ,/* σ , the increase in load capacity with hardening 
is associated with higher stress on and near the surface, while the presence of 
gradient causes the highly stressed zone to be redistributed below surface 
(Figure 3-22b).  
3. Hardness: The hardness of the material increases with increasing positive 
gradient. Using a representative strain of 33.6% [Bellemare, 2006], a 
“representative depth” of 0.65 times the scratch depth is identified; where the 
hardness curves for different plasticity gradients can be expressed independently 
of gradient (Figure 3-11). 
4. Effect of friction: For a given elastic-plastic property, increasing positive 
gradient is observed to decrease total apparent friction through reduction in the 
ploughing coefficient (Figure 3-13). This aspect of the gradient effect is 
significant in potential tribological applications of graded materials. However, 
additional frictional sliding experiments are required to probe this effect in the 
presence of interfacial friction.  
5. Indentation vs. scratch response: The load capacity of graded materials 
followed similar trend in behavior during indentation and scratch, with the value 
being approximately 10% higher during indentation. However, significant 
differences between pile-up and friction response are observed in indentation and 
scratch tests. In particular, an increase in interfacial friction was observed to 
cause an increase in pile-up during scratch, while it causes a decrease in the pile-
up during indentation. Overall, the ratio between in-situ measures of the two 
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hardness measures was found to be within 1.2 to 1.6 for all properties and 
gradients considered in this analysis (Figure 3-17).  
6. Predictive capabilities: Dimensionless functions are derived to predict aspects 
of the forward problem of the steady-state sliding response for PGMs currently 
investigated (Figure 3-21). These functions though limited in parameter space, 
have important practical implications such as in the design of grain-size graded 
nanocrystalline materials, which are characterized by a low strain hardening. In 
addition, this approach lays down the basic groundwork for further extension to 
other hardenings and indenter angles. 
7. Guidelines for design: The basic guidelines for PGM can be summarized as:  
• Gradient should be confined within 5 times the expected scratch depth. 
• Steeper gradients should be used to decrease the material removal 
response. 
• For a given material, the choice between providing gradient vs. increasing 
the surface hardening to improve contact-damage resistance can be made 
based on the following basic differences between the two approaches. 
⇒ Both, an increase in strain hardening and/or the increase in 
positive plastic gradient can improve the load capacity. The 
advantage of using gradient in this case is the redistribution of 
peak stresses below surface.  
⇒ The pile-up response decreases by increasing hardening, but the 
presence of gradient causes a very low change in the pile-up 
response.  
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In summary, the basic contributions of this study can be stated as:  
A. Addresses some of the fundamental questions related to the mechanism and 
design of plastically graded surfaces for sliding contact with important 
implications in the design of tribological applications. 
B. Provides a simple framework to predict sliding response through the 
derivation of dimensionless functions.  
C. Identifies important differences between the homogenous and graded 
material response.  
D. Provides a method to design and evaluate nano-crystalline materials with 
gradient in grain-size, as observed in the related experimental work.  
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4 Plastically Graded Nanostructured 
Materials in Contact-Critical Application 
4.1 Introduction 
Compared to their microcrystalline counterparts, nanostructured metals and alloys 
are known for their unique properties of enhanced yield and fracture strength and 
improved wear resistance [Gleiter, 1992; Suryanarayana, 1995; Kumar et al., 2003; 
Hanlon et al., 2003; Suryanarayana 2005]. At the same time, nanostructured 
materials have the disadvantage of having low ductility (Figure 4-1) and increased 
crack propagation rate compared to coarser grain materials [Ebrahimi et al., 1999; 
Dalla Torre et al., 2002; Schwaiger et al., 2002; Hanlon et al., 2003]. These 
disadvantages together with the current processing capabilities limit their application 
in bulk structural components. However, due to their improved wear-resistant 
properties and capabilities to process thin films, they find increasing use in thin 
surface applications such as surface coatings.  
For this reason, research has focused on improving the shortcomings of 
nanostructured metals and alloys. One of the approaches suggested to counteract the 
low ductility of nanocrystalline materials is via a multi-modal grain-size structure. 
By distributing bigger grain-size within the nano and ultra-fine-sized grains, ductility 
can be improved with only a partial sacrifice in strength. Wang and Ma have showed 
this effect by including 25 vol% of micro-sized grains in predominantly nano and 
ultra-fine grained copper [Wang and Ma, 2004]. By doing so, they were able to 
design materials having ductility closer to that of the coarser-grained copper, with 
five to six times increased strength (curve C of Figure 4-2).  
Another approach for counteracting the disadvantages of the nanocrystalline 
materials is by using grain-size gradient properties [Hanlon et al, 2003; Suresh, 
2001]. Such an approach offers attractive opportunities to design materials by 
incorporating the concept of property gradients to achieve an optimum balance 
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between strength, ductility, and contact-damage response. For example, materials 
with grain-size decreasing with depth can potentially increase near surface ductility 
by having larger grains closer to the surface. The gradient in yield strength thus 
obtained can increase their load capacity compared to their homogeneous 
counterparts with similar surface properties (Chapter 3). Similarly, gradually 
increasing grain-size with depth can affect the fracture response through the 
competing mechanisms of reduced crack-propagation rate [Hanlon et al., 2003] and 
increased crack-driving force [Kim et al, 1997]. Material with grain-size gradation 
can also act as a “clean” model PGM in which yield strength gradation can be 
obtained keeping similar elastic properties throughout, based on the classic “Hall-
Petch effect” where the strength increases with the decrease in the grain-size (Figure 
4-3). Choi et al. have studied such model systems for indentation analysis [Choi et 
al., 2007].  
Based upon the above background, a material system consisting of nanocrystalline 
Ni-W alloy with a linear gradation in yield strength achieved through a controlled 
grain-size gradient is used in the current study. The tribological response of this 
system is investigated through experimental study of steady-state scratch tests. The 
experimental results are then compared with finite element (FE) simulations of the 
scratch tests, to test the predictive capabilities and applicability of the finite element 
method (FEM) in understanding grain-size gradients.  
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Figure 4-1: Typical monotonic tensile stress-strain response of pure nickel for different grain-
size, where nc, ufc and mc denote nanocrystalline, ultra-fine crystalline and microcrystalline 
Ni respectively (figure from Hanlon, 2004). 
 
Figure 4-2: Room temperature tensile stress-strain response for copper for different 
microstructure: curve A is for copper with average grain-size of 300nm; curve B is for 
conventional coarse-grained copper, and curve C is for bimodal nanostructured copper, 
showing improved ductility from curve A (figure from Wang and Ma, 2004). 
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Figure 4-3: Schematic of the variation of yield stress as a function of grain-size. The “Hall-
Petch effect” of increasing strength with decreasing grain-size can be seen for grain-size 
<10nm, while the effect of “Hall-Petch breakdown” of decreasing strength with further 
decrease in grain-size, can be seen beyond it (figure from Kumar et al., 2003). 
4.2 Model Material System  
Electrodeposited nanocrystalline Ni-W alloy used in the study is shown 
schematically in Figure 4-4. The material was processed by Detor and Schuh, the 
details of which are briefly described below [Detor and Schuh, 2007].  
 
 Figure 4-4: Schematic of the material system used in the present study. The grain-size of 
surface material is 90 nm, gradually decreasing to 20 nm within the top 50 µm of depth and 
kept constant beyond that. The grain-size decreases parabolically with depth leading to a 
linear increase in yield strength.   
90 nm
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The electrodeposition bath consisted of pure copper as cathode and pure platinum 
mesh as anode, the composition of which are described elsewhere [Yamasaki et al., 
2001]. For a given bath temperature and current density, the grain-size of the 
deposited surface was observed to be a function of tungsten alloying, with the grain-
size in the range of  140 to 2 nm achieved by varying tungsten content from 2 to 27 
at%. This is shown in Figure 4-5d (as Ni-W: RP in the figure), together with the 
associated TEM images for the grain-size distribution. The high solubility of 
tungsten in nickel resulted in minimum grain-boundary segregation [Detor et al., 
2006; Detor and Schuh, 2007]. Consequently, a much broader range of grain-size 
was achieved compared to other systems with similar solute content, as indicated in 
the figure [Liu and Kirchheim, 2004]. The tungsten composition and the thickness of 
the deposited layer were controlled in-situ by introducing a periodic reverse pulse of 
required density and frequency. This processing technique, shown schematically in 
Figure 4-6, was demonstrated to be highly reproducible in preparing nanocrystalline 
materials with customizable layering of grain-size.  
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Figure 4-5: (a to c) TEM images at selected grain-size indicated by arrows in (d), (d) Grain-
size vs. composition relationship for electrodeposited Ni-W specimens deposited using the 
reverse-pulse technique (Ni-W: RP). Also shown in (d) is the grain-size relationship for Ni-W 
system electrodeposited under non-periodic or cathodic conditions (NI-W: C) from the same 
study and electrodeposited nickel-phosphorus system (Ni-P) from Liu and Kirchheim, 2004 
(figure from Detor and Schuh, 2007) 
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Figure 4-6: Schematic description of electrodeposition process of the Ni-W alloy (figure from 
Choi, 2006). 
The selected arrangement of the graded material of Figure 4-4 was based upon the 
following considerations. 
• Smaller grain sizes are associated with higher tungsten composition (Figure 
4-5d) and hence can increasingly change the Young’s modulus of the Ni-W 
alloy from that of pure nickel.   
• In nanostructured metals and alloys, “Hall-Petch breakdown” i.e. decrease of 
flow strength with further decrease in grain-size, is observed for grain-size 
<10 nm. This is shown schematically in Figure 4-3 and has been observed in 
several earlier studies [Yamasaki 2001; Schuh et al., 2002; Kumar et al., 
2003]. This limits the lower limit of grain-size for design to < 10nm. 
• The upper limit of grain-size is < 140 nm, dependent on processing 
limitations of the electrodeposition technique. 
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• A steeper gradient is preferred, however, a very steep gradient can cause even 
small unevenness from the mechanical polishing, translate into 
inhomogeneous surface properties. 
• For a given upper and lower range of grain-size for the graded material, a 
lower depth of graded zone can introduce steeper gradient, while a thicker 
section can dilute the effect of gradient.  
Based on the above considerations, the lower limit of grain-size was chosen as 20 nm 
resulting in a < 10% variation in Young’s modulus. The upper limit of grain-size was 
taken as 100 nm. The depth of graded zone was selected as 50 µm, based on a rough 
estimate of expected hardness as 4 GPa and 6 GPa respectively, for the coarse and 
fine limits of the selected grain-size. An additional 60 µm zone of homogenous Ni-
W layer was included in the design to prevent effects from underlying copper 
substrate.  
To achieve the designed configuration, a square waveform with constant cathodic 
(forward) pulse duration of 20 ms and intensity of 0.2Acm-2 was followed by a 3 ms 
anodic (reverse) pulse, with current density selected based upon the required grain 
size of deposited layer. The 60µm of fine homogeneous layer was built up using a 
constant reverse pulse density of 0.1Acm-2, while for the graded layer; the reverse 
pulse intensity was gradually increased from 0.1 Acm-2 to 0.3 Acm-2, in steps of 
0.005 Acm-2. The material thus obtained had a parabolic grain-size distribution, 
resulting in a linear gradient in yield strength based on the classic Hall-Petch effect 
described earlier. 
In addition to the graded system, two sheets of homogenous Ni-W alloy with 
constant grain-size of 20 and 90 nm, were also prepared using the same processing 
method. These materials were used to compare the response of the graded material 
with that of the homogeneous materials in order to assess the effect of gradient. The 
graded Ni-W alloy together with these homogeneous samples, are henceforth 
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referred in this chapter as graded, coarse (90 nm), and fine (20 nm) nanocrystalline 
samples respectively, with the coarse nanocrystalline sample being the homogeneous 
counterpart to the graded system due to its similar surface properties. These materials 
together serve as a “model” PGM system because of the following reasons:  
• Electrodeposition is known to result in a fully dense microstructure. This has 
also been observed for the electrodeposited Ni-W system in previous studies 
through detailed characterization techniques such as X-ray diffraction and 
high-resolution transmission electron microscopy (TEM) [Detor and Schuh, 
2007]. 
• There is a significant increase in the yield strength with depth, with 
comparatively insignificant changes in the Young’s modulus and Poisson’s 
ratio. A decrease in grain-size from 90 to 20 nm is expected to increase the 
yield strength by a factor of two, accompanied by < 10% increase in the 
Young’s modulus. 
• Nanocrystalline materials are characterized by very low strain hardening, 
approximately zero [Schwaiger et al., 2003]. Hence, the effect of grain-size 
distribution can be studied independently from the strain hardening effects.  
4.3 Experimental and Simulation details 
4.3.1 Experimental Setup 
The grain-size was characterized by direct microstructural observation, while the 
bulk behavior and related elastic-plastic properties were obtained from the load-
depth response in instrumented normal indentation tests. The tribological behavior 
was investigated by constant load scratch tests, and images of the scratch surface 
were taken with the scanning electron microscope (SEM) using a FEI/Philips XL 30. 
The microstructural observations were performed with the JEOL-TEM (JEOL 
2011FX) operating at 200KV. Prior to TEM imaging, each of the specimens was first 
mechanically polished using fine silicon carbide paper up to a thickness of 40 nm. 
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The specimen was then electropolished using twinjet in a solution of methanol with 
30% nitric acid at a temperature of -600C, and finally polished by ion milling in 
liquid nitrogen for 2 hours.  
Indentation and scratch experiments were performed with the NanoTest600® (Micro 
Materials Ltd, UK), shown in Figure 4-11. Prior to indentation and scratch 
experiments, the surface was mechanically polished using special polishing cloth 
(MD-Dac, Struers) and diamond suspension of 6, 3, 1, and 0.25 µm grain-size, to 
achieve a fairly smooth and uniform surface. The steps involved in the indentation 
and scratch tests are given below, with details of the testing platform provided in 
section 4.3.2.  
A Berkovich diamond probe was used for the indentation experiment. The tip was 
loaded at a constant rate of 10mN/sec up to the maximum load. The load was then 
kept constant for 60 sec to monitor thermal drift, followed by the unloading step. 
Before fully unloading, the load was again kept constant for 10sec. Figure 4-7 shows 
schematically the typical indentation curve thus obtained. The resulting load-unload 
curve was corrected for machine compliance. At least five indentations were 
performed for each of the surfaces.  
 
Figure 4-7: Screen-shot of a typical indentation curve, showing loading and unloading.  
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Scratch experiments were performed using a conical indenter with an apex angle 
70.30, as it is considered approximately equal to the more commonly used Berkovich 
indenter (see Appendix C). After initial normal loading to achieve contact between 
the sample and the tip at the specified normal load of 2N, the load was kept constant. 
The sample stage was then moved perpendicular to the diamond probe axis at a 
constant rate of 10µm/sec for a scratch distance of > 200µm, which was 
approximately 20 times the initial contact radius. The normal and the tangential load, 
together with the indenter depth, was monitored continuously during the process (as 
explained in the section 4.3.2), resulting in a continuous profile of these values along 
the scratch. The resulting in-situ depth was corrected for machine compliance. A 
point to note here is that although the compliance correction significantly affects the 
absolute value of in-situ depths, the relative trends in behavior observed for the 
different material surfaces in constant load scratch tests is expected to remain 
unchanged. This is due to similar loading and sample mounting conditions between 
different materials. For each of the surfaces, 3 to 6 scratches were performed and the 
scratch response was found to be highly repetitive with very low scatter. Using a 
Tenor P-10 Surface Profilometer (KLA-Tencor, California, USA) fitted with a 
diamond stylus of a 2µm tip radius, at least 10 profiles were extracted from each of 
the scratches thus made. Figure 4-8 shows a typical SEM image of a residual scratch, 
along with the location of a section for profile measurements. 
A screen-shot for typical scratch data obtained is shown in Figure 4-9, together with 
the available software control for result viewing on the right.  
 - 100 - 
 
Figure 4-8: SEM of typical residual scratches obtained from the scratch tests. The sectional 
line a-a’ denotes the location of the scratch profile for pile-up measurement. A number of 
such sections are taken along the scratch length to obtain the average profile shown later. 
 
Figure 4-9: Screen-shot of a typical profile from the scratch test, showing loading followed by 
the scratch.  
4.3.2 Indentation and Scratch Testing Platform 
NanoTest600® is a pendulum based depth-sensing system for mechanical property 
evaluation through indentation and scratch test. As indicated in Figure 4-10, its basic 
assembly consists of two separate heads for indenter mounting (NT or the low load 
head for loads < 500mN and MT or the high load head for loads from 0.5 to 20N), a 
stage assembly for sample mounting and movement, and microscopes for accurate 
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positioning. The basic arrangement of the pendulum is shown schematically in 
Figure 4-11a and is described below. 
The pendulum is mounted on a “frictionless pivot” as shown in the Figure 4-11a. The 
indenter or the diamond probe is mounted on the “diamond holder” attached to the 
pendulum. The motion of the pendulum is controlled by passing current through the 
“coil” arrangement mounted on top of the pendulum. The current causes the coil to 
move towards the permanent magnet mounted on top at the back of the coil (not 
shown in the figure), which produces motion of the indenter towards the sample 
holder. The motion is measured by the parallel “capacitor plates”, through change in 
capacitance. For this purpose, one end of the capacitor plates is attached to the 
diamond holder; and as the indenter moves, the distance between the plates changes, 
resulting in change in capacitance. The “limit stop” defines the maximum outward 
movement of the diamond probe. The sample is attached to a “sample holder”, which 
in turn is attached to the stage assembly. Thus, sample manipulation is achieved 
through movement of the stage by means of three DC motors (motors not shown in 
the figure).   
For normal indentation experiments, the indenter is brought into contact with the 
sample surface as described above. The resultant displacement of the probe into the 
surface is monitored continuously and displayed in real time as a function of load 
(Figure 4-7). For scratch experiments, after initial indentation, the stage is moved 
perpendicularly to the diamond probe axis, usually along ±Z direction, at a chosen 
rate and for a given scratch distance. The normal load and resulting depth is 
monitored in real time as in indentation, and the tangential movement is monitored 
by the movement of the sample stage. For monitoring of the friction (i.e. the 
tangential load), a force transducer is attached to the indenter tip as shown in Figure 
4-11b. This arrangement thus provides a complete measurement of the in-situ depth, 
normal load, and frictional force, continuously for the entire length of the scratch. 
Figure 4-9 shows the typical in-situ profile thus obtained. Similar profiles for normal 
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and tangential load can be displayed. The machine mounting and outer frame 
provides good vibration isolation and low thermal drift. 
Some of the other features of relevance include fully automatic scheduling of a large 
number of experiments, analysis software for P-h curve analysis based on Oliver and 
Pharr [Oliver and Pharr, 1992], and lower resolution zoom microscope (not shown in 
the figure) for faster positioning and viewing. The disadvantage of this system 
includes the comparatively higher sensitivity to compliance calibration, especially at 
higher loads. Hence, careful machine compliance calibration is required for the load 
range of interest. 
 
Figure 4-10: Schematic of the overall arrangement of NanoTest, with the location of loading 
head (NT an MT head), microscope, and stage assembly indicated (figure from Micro 
Materials Inc). 
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Figure 4-11:  (a) Schematic of pendulum arrangement for the NanoTest® 600 (b) Details 
showing arrangement for tangential force measurement. The scratch direction is 
perpendicular to the plane of paper (figures (a) from Micro Materials Inc   and (b) from 
Hanlon 2004). 
4.3.3 Model Setup 
A full three-dimensional finite element mesh was used to simulate the scratch test. 
Details of mesh design and verification were provided in Chapter 3 and are briefly 
described here. The 3D mesh is shown in Figure 4-12a and it consists of 97,186 first-
order reduced integration tetrahedral elements. The indenter was modeled as a rigid 
cone with apex angle 70.30 (equivalent to Berkovich indenter). The mesh was refined 
in the zone of contact such that for the most compliant material used in this study, at 
least 10 elements were in contact at full indentation depth, assuming no pile-up. The 
number of elements in contact increased with an increase in material pile-up along 
the indenter as shown in Figure 4-12b. Indentation and scratch were simulated 
respectively, by moving the indenter normally down to a fixed depth and then 
tangentially along the negative 3 axis up to a maximum of approximately six times 
the contact radius needed to reach steady state. The implicit analysis scheme of 
ABAQUS/Standard® (ABAQUS, Inc., Rhode Island, USA) was used for analysis.  
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(a)      (b) 
 
Figure 4-12:  (a) Overall mesh design for scratch simulation with (b) details of mesh close to 
the indenter at full contact. The scratch direction is along the negative “3” axes. 
The constitutive property of the material was represented by an initial linear elastic 
response followed by a power law hardening beyond yield, as given by equation 4-1 
below. Here E is the Young’s modulus, yσ is the yield stress at zero offset plastic 
strain, n is the hardening exponent, and εp is the total plastic strain. The yield 
strength gradient represented by β, shown in Figure 4-14 below is given by equation 
4-2, where surfy,σ  and zy,σ are the yield strength at the surface and at depth z 
below surface, respectively.  
n
p
y
y
E )1( εσσσ +=  (4.1) 
)1(,, zsurfyzy βσσ += . (4.2) 
The external user subroutine feature of ABAQUS was used to introduce property 
gradient independent of mesh design. Scratch simulations were depth controlled for 
numerical convergence reasons. This approach is in contrast to the load-controlled 
approach used in the experiments. Hence, for a direct comparison between the two, 
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the initial indentation depth in simulation was selected such that load of 2± 0.1N was 
achieved at steady state for all three surfaces.  
The scratch profile along the direction of sliding is shown in Figure 4-13, with no 
elastic recovery assumed at the back of the indenter. The nomenclature related to 
indentation and scratch is depicted in Figure 4-14, which shows the cross-section 
profile perpendicular to the plane of sliding, and is described below: 
θ  = included apex angle of the cone 
z = depth below surface 
hm = maximum in-situ depth of indentation/scratch 
hr  = residual depth after unload 
am = contact radius at a maximum in-situ depth 
ar = contact radius at after unload 
hp = in-situ pile-up height 
hpr = residual pile-up height 
 
 
Figure 4-13: Schematic of scratch profile along the direction of sliding (i.e. symmetric plane) 
showing material pile-up in front of the indenter with no elastic recovery at the back of the 
indenter. 
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Figure 4-14: Schematic of typical indentation and scratch profile and related geometrical 
parameters. The scratch direction is perpendicular to the plane of paper as indicated by the 
direction of FT. 
4.4 Material Characterization 
In the earlier work on processing of the Ni-W alloy, the material system was 
extensively characterized using TEM to reveal a dense microstructure with low grain 
boundary segregation of tungsten [Detor and Schuh, 2006; Detor and Schuh, 2007]. 
Furthermore, these authors demonstrated the level of structure and property control 
of the processing technique through cross-sectional hardness profiles and image 
scans for two differently tailored nanocrystalline deposits, as shown in Figure 4-15. 
Using similarly graded Ni-W alloy used in the current study, Choi et al. extracted the 
“through-thickness hardness profile” shown in Figure 4-16, thus further confirming 
the level of property control for a similar design configuration used in the current 
study. 
Further characterization of the microstructure is performed here through TEM 
imaging. In addition, the bulk elastic-plastic properties are extracted through 
instrumented indentation experiment. 
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Figure 4-15: The variation of tungsten composition and hardness with distance from the 
substrate for two different arrangement of grain-size (a) For monotonically decreasing grain-
size. (b) For alternate layers of coarse and fine grain-size. 
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Figure 4-16: (a) Schematic cross-section of the graded nanocrystalline Ni-W alloy used by 
Choi et al. (b) Through thickness hardness profile (figure after Choi et al., 2007). 
4.4.1 Microstructure 
The TEM image for the fine nanocrystalline sample is shown in Figure 4-17, where 
the grain-size is observed to be in the range of  20 nm. For the graded sample, Figure 
4-18 shows the designed profile and the associated TEM images; the location of for 
the TEM section is indicated by the arrows. From Figure 4-18b, the grain-size at the 
top surface is observed to be close to 90 nm, while Figure 4-18c shows the grain-size 
in the range of 15-20nm. Thus, through these two sections of the graded sample, a 
clear decrease in grain size from approximately 90nm on the surface to < 20nm at the 
base of gradient is observed.   
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Figure 4-17: TEM images at the surface of homogeneous fine nanocrystalline samples 
(courtesy Pasquale D. Cavalier)  
 
          
Figure 4-18: (a) The designed cross-section profile of the graded sample with arrows 
denoting location of TEM images: (b) close to surface and (c) at the base of the gradient 
(TEM images courtesy Pasquale D. Cavalier) 
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4.4.2 Indentation Test 
The normal indentation test was performed using the high load head of the NanoTest 
machine. The advantage of using deeper indents is the relative insensitivity of the 
resulting load-displacement response to the tip radius and surface polishing effects. 
In addition, deeper indents are required for the graded material so that the plastic 
zone below the indenter can “sample” the entire zone of gradient. 
The average of the indentation load-depth curves is shown in Figure 4-19. As 
expected, the fine sample has a stiffer response than the coarse or the graded sample. 
The load-depth curve for the graded sample follows closely that of the coarse sample 
at lower loads indicating similar surface properties for both these materials. The 
curve increasingly deviates away from the coarse nanocrystalline towards stiffer 
response with deeper indents, indicating gradually increasing stiffness. In addition, a 
sudden departure in slope or a “kink” indicated by the arrow in the figures is 
observed at load > 2N at which the indentation depth is approximately 4.2 µm. The 
“kink” can be more clearly observed in the indentation plot of Figure 4-20, where the 
plot of the graded sample is shown for a range of maximum indentation loads. This 
sudden change in curve is attributed to the interaction of the indentation plastic zone 
with the stiffer homogenous material below (Figure 4-4). Since the plastic zone 
extends approximately 10 to 12 times the indentation depth, the depth at which the 
interaction begins can be used as in an indirect indication of the depth of the graded 
zone. Based on this, here the depth of graded zone is estimated as 50 µm, which is 
approximately 12 times the depth of indentation of 4.2 µm. 
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Figure 4-19: Indentation load-depth response for homogeneous and graded samples. The 
graded material response lies between the two homogeneous samples with a departure in 
curvature observed at load >2N indicated by the arrow, which indicates the interaction of the 
plastic zone with the stiffer homogeneous substrate (see also Figure 4-20) 
 
Figure 4-20: Indentation data for the graded sample, shown for 5 different maximum loads 
with the arrow denoting the position of the change in curvature. 
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4.4.2.1 Property Estimation 
The method proposed by Dao et al. is applied to extract the mechanical properties 
from the indentation response [Dao et al., 2001]. Using this approach, the unloading 
curve of indentation data shows that the Young’s modulus varies between 170 and 
206 GPa, the lower end representing the value of the coarse sample. In the earlier 
work with the same batch of homogeneous samples, Choi et al. estimated Young’s 
modulus between 181 and 205 GPa for the homogeneous and graded sample as 
shown in Figure 4-21. Given the scatter in the above data, a Young’s modulus of 200 
GPa is selected, which is equal to that of pure Ni and lies within the above 
experimental range. 
 
Figure 4-21: Variation in the Young’s modulus with increasing depth of indentation for the 
homogeneous and graded sample. The value of the modulus is roughly constant with 
increase in indentation depth (figure from Choi et al., 2007) 
For simulation, the elasticity of the indenter is taken into account by using the 
reduced modulus E* given by equation 4-3 below where EI and νΙ  are the Young’s 
modulus and Poisson’s ratio for the indenter. For a Poisson’s ratio 0.3 and 0.07 for 
the sample and indenter respectively, and indenter modulus as 1100 GPa, the 
reduced modulus is deduced to be 183.3 GPa. With the above elastic properties and 
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assuming zero hardening, the yield strength for the coarse and fine homogenous 
sample is deduced as 1.37 GPa and 2.48 GPa respectively. Figure 4-22 below shows 
the fit of the above prediction for the homogeneous samples to the experimental 
curve.  
EEE I
I
22 11
*
1 νν −+−=  . (4.3) 
For the graded sample, the yield strength is taken to increase linearly within the 
above two limits of homogeneous samples i.e. 37.1, =surfaceyσ  GPa 
and 48.2, =baseyσ . With these yield values, and the depth for the graded zone taken 
as 50µm, the gradient β in eq. (4−2) is derived as 0.016. Mechanical polishing results 
in material removal at the surface and hence for the graded material, changes the 
surface yield strength. Thus, estimating a 6 µm of material removal, and using the 
above derived gradient, the yield strength on the surface is taken as 1.5 GPa. As 
estimated before, the yield strength at the base of the gradient is taken as  2.48GPa.  
 
Figure 4-22: Indentation load-depth response of homogeneous Ni-W material from 
experiment and computation prediction using E* =183.3 GPa, n=0 and ν=0.3, and σy as 1.37 
and 2.48 GPa for the coarse and fine nanocrystalline samples, respectively. 
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4.4.3 Estimation of interfacial friction: Background information 
Friction was not taken into account in material property extraction from indentation 
analysis, as the load-depth curve is known to have low sensitivity to friction for the 
cone angle used in the study [Bucaille et al., 2003]. However, for closer agreement 
between the simulation and experimental results of the scratch test, an estimate of 
interfacial friction coefficient is required and as discussed below, is based on 
Bowden and Tabor [Bowden and Tabor, 1986].  
For bodies in contact under no lubrication, the total frictional force arises from two 
sources, namely adhesion force aF (resulting from shearing of the non-uniformities 
in the contacting surfaces), and ploughing force pF  (resulting from the ploughing or 
grooving of one surface on the other). Assuming negligible interaction between these 
two forces, the total tangential frictional force TF  can thus be written as the sum of 
these two as: 
paT FFF += . (4.4a) 
Based on this, the following relationship can be deduced for the apparent friction 
coefficient appµ , where P is the normal load defined earlier.  
P
F
P
F
P
F paT +=  (4-4b) 
pa
T
app P
F µµµ +==  . (4-4c)  
The adhesive friction coefficient aµ depends on the surface properties such as the 
shear strength and contact pressure, while the ploughing coefficient Pµ depends on 
the indenter geometry. For a conical indenter, and under simplified assumptions of 
(a) constant contact pressure at the interface; (b) no elastic recovery at the back; and 
(c) constant contact radius in front and at the side of the indenter; the ploughing term 
is given by eq. (4-5) [Goddard and Wilman, 1962; Bowden and Tabor, 1986].  
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θπµ cot
2=p  . (4-5) 
Thus, for a given indenter angle and apparent friction value, the value of interfacial 
friction can be indirectly obtained by eq. (4-6), where for a conical indenter of apex 
angle 03.70=θ , Pµ is deduced as 0.228. 
pappa µµµ −= . (4-6) 
4.5 Results and Discussion 
4.5.1 Scratch Experiments 
Scratch tests provide a means to assess materials under conditions of controlled 
abrasive wear and most closely resemble tribological conditions in actual 
applications. Here, constant load scratch tests are performed on the graded material 
and the results are compared with that of similar tests on the two homogeneous 
materials. A load of 2N is selected so that the scratches are deep enough to sample 
the entire zone of gradient without substrate interaction. Figure 4-23a shows the 
resulting average in-situ scratch depths while Figure 4-23b shows the friction 
profiles from these experiments, the values being summarized in Table 4-1. 
Under a given scratch load, the fine nanocrystalline material shows the stiffest 
response through least penetration of the indenter in the material while the coarse 
nanocrystalline material shows the most compliance. The depth in the graded 
material lies between the two homogeneous cases, with a difference of 
approximately ± 7%. The apparent friction coefficient ( appµ ), given by the ratio of 
the tangential load (FT) to the normal load (P), varies from 0.29 to 0.34 with the 
difference between the three samples lying within the experiment scatter.   
Figure 4-24 shows a typical image of a residual scratch along with the average 
normalized pile-up profile. The graded sample appears to have a slightly higher pile-
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up response than the homogeneous coarse sample, while that of the fine sample 
shows a clear reduction in the pile-up compared to the other two.  
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Thus, through the in-situ scratch-depth profile, the graded sample shows 7% 
improved surface response than its homogeneous counterpart under similar loading 
conditions. The pile-up response is not significantly affected by the gradient 
considered here. This trend appears similar to the earlier parametric study of the 
scratch test on PGMs, where low sensitivity of pile-up to changes in gradient was 
observed for a range of material properties as depicted below in Figure 4-25. 
 
Figure 4-25: The variation of normalized in-situ pile-up with gradient for a range of material 
properties and gradients. The pile-up increases for small values of gradient, and then 
decreases for higher values. Overall, very low sensitivity of pile-up to changes in gradient is 
observed (figure from Chapter 3) 
4.5.2 Experiment vs. Simulation 
The experimental results obtained above were compared with finite element 
predictions of scratch tests on the model system. A constant interface friction aµ = 
0.11 was used for all the three materials as deduced below. The elastic-plastic 
property for the material system was extracted from the indentation profile as 
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described in section 4.4.2.1. These values were obtained using a zero strain 
hardening for all the three materials. However, in the simulation of the scratch test, a 
very low hardening of 0.05 was introduced. This was required as excessive localized 
plastic deformation associated with zero strain hardening creates an unstable 
problem, leading to difficulties in achieving numerical convergence.    
From the scratch experiments, the apparent coefficient appµ  was obtained to lie in the 
range of 0.29 to 0.34 as presented in Table 4.1. Based on this and using eq. (4-6) 
with Pµ of 0.228. , the value of aµ  is calculated to lie in the range of 0.07 to 0.11. 
However, in actual problems, the values of Pµ have been observed to be less than the 
theoretical prediction of eq. (4-5), except for highly plastic materials as observed in 
this study (Figure 4-26 reproduced from Chapter 3) as well as in earlier studies 
[Bucaille et al., 2001; Felder and Bucaille, 2006]. To account for the reduced Pµ , 
the upper limit of =aµ 0.11 is used in the numerical simulations.  
 
Figure 4-26: Variation of apparent friction coefficient from frictionless scratch 
simulation ) 0.0 i.e.( pappa µµµ ==>= , showing the deviation of the ploughing term from 
the theoretical prediction of eq. (4-5) (see Chapter 3 for simulation details) 
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4.5.2.1 In-situ depth and frictional response 
The in-situ scratch depth and friction response from the simulation is plotted in 
Figure 4-27 and Figure 4-28, where results from the experiments are plotted 
alongside for comparison. The values of the numerical simulation for the three 
materials are summarized in Table 4-2 below. As can be seen from these figures and 
the table, the FE simulation is able to capture the trends in behavior of the graded 
and homogeneous samples. The coarse sample shows 7% increased scratch depth 
and the fine sample shows 9% lower scratch depth than that of the graded sample. As 
described earlier in section 4.5.1, this difference is scratch depth of the graded 
samples from the fine and the coarse sample is ± 7% in experiment. Thus the relative 
stiffening if graded sample from the homogeneous sample is captured closely (< 2%) 
in the simulation. In terms of absolute value, the FE response lies within 8% of the 
experimental results.   
For a given interface friction coefficient, the graded sample shows a lower apparent 
coefficient than its homogeneous counterpart does. Overall, the friction coefficient of 
the simulation lies within the range of the experimentally obtained values. 
 
FEM 
sample 
hm (µm) rel. diff µapp 
Diff. from 
expt. (%) 
coarse nc 3.9 (+7.14%) 0.34 (+8.0%) 
fine nc 3.3 (0%) 0.32 (+5%) 
graded nc 3.64 (-9.34%) 0.33 (+7.7%) 
Table 4-2: Summary of finite element results of scratch tests on the model system. The 
results are within 8% from the experimental results. 
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4.5.2.2 Pile-up Response 
The experimental pile-up response is obtained from the residual scratch profile (i.e. 
after elastic recovery), while the simulation pile-up response is estimated from the 
in-situ profile. Figure 4-29a shows these values from the experiment and simulation 
for the graded material system with associated geometric terms explained. As can be 
seen, the pile-up response shows a close agreement in terms of the absolute values hp 
and hpr, whereas significant differences are observed in in-situ and residual scratch 
depths hm and hr due to elastic recovery of the residual profile. Similar effects of 
elastic recovery were also observed for the two homogenous samples. These 
observations are consistent with earlier research [Stilwel and Tabor, 1961].  
Figure 4-29b shows the normalized plot of the pile-up, where the scratch depths hm 
and hr are used in depth normalization. As explained above, the difference observed 
in the normalized value of pile-up is due to the different normalization depths. 
However, the trends from experiment and simulation agree well, showing a reduced 
pile-up for the fine homogeneous sample, and slightly higher pile-up for the graded 
system when compared to its homogenous counterpart. Overall, the sensitivity to 
gradient effect is very small. 
Thus, the finite clement simulation closely captures the experimental trends in terms 
of in-situ depths, apparent friction coefficient, and pile-up responses for the three 
materials. 
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4.6 Summary and Conclusion 
The effect of grain-size gradient on the surface deformation response in sliding 
contact has been investigated through experiment and finite element simulation of 
the scratch test. A model material system was chosen for the experimental 
evaluation, in which a linear increase in yield strength was introduced through 
gradually decreasing grain-size with depth. This material system was carefully 
characterized through TEM and indentation experiments. Both the experimental and 
numerical simulation of scratch test demonstrated an increase of approximately 7% 
in the deformation resistance for the graded material as compared to that of 
homogeneous material with similar surface properties. A relative difference of 2% 
was observed between the experiment and numerical results. The material removal 
behavior, indicated by the amount of pile-up, was found to have low sensitivity to 
gradient, with both the experiment and simulation results agreeing very closely.   
This study thus demonstrated and quantified the beneficial effect of grain-size 
gradient in sliding contact. The close agreement between the experimental and 
numerical results indicated the suitability of the numerical technique to the 
understanding of such materials and hence, the applicability of the earlier studies on 
sliding contact on PGMs in the design and evaluation of such materials. 
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5 Mechanical Stability of Model Material 
The strength of metals and alloys is strongly influenced by grain size, with materials 
in the nanocrystalline regime characterized by superior yield and fracture strength 
compared to their microcrystalline counterparts   [Gleiter, 1992; Jeong et al., 2001; 
Kumar et al., 2003; Hanlon et al., 2003; Suryanarayana, 2005]. In addition, careful 
manipulation of the processing technique can lead to tailored nanostructures where 
the grain-size can vary in a continuous or in discrete steps [Detor and Schuh, 2007]. 
These tailored nanostructured materials can find application in variety of field such 
as surface coatings where the improved strength and wear resistance can be 
combined with possible beneficial effects of functional gradient. The deformation 
behavior under sliding contact of such graded nanostructured materials has been 
investigated earlier in this study through experimental and numerical techniques.  
In such contact critical applications, events such as normal penetration or surface 
abrasion can lead to high stresses and deformations. For example, scratch tests, 
which closely resemble an abrasive event, cause high localized strains and 
deformation on and near the surface régimes, both in the homogenous and graded 
structures demonstrated earlier in this study (Chapter 3). Under such conditions, 
nanocrystalline and ultra-fine materials are known to exhibit microstructural and 
mechanical instability through grain-growth [Jin et al., 2005; Zhang et al.,. 2004, 
2005; Sansoz and Dupont, 2006; Schwaiger, 2006]. In one such study, stress-driven 
grain growth was observed in nanocrystalline pure copper under normal indentation 
[Zhang et al., 2004]. This is demonstrated in Figure 5-1 where figure (a) shows an 
average grain-size of 20 nm at locations away from region of indentation. 
Transmission electron microscopy (TEM) images inside the location of indentation 
(Figure 5-1 b and c) and the corresponding grain-size distribution (Figure 5-2 b and 
c), show significant grain growth. The effect is observed to increase with the indenter 
dwell time. Concentration of larger grains at the locations of high stresses such as the 
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corners of indentation indicated a stress-driven mechanism. Schwaiger observed 
similar stress-driven grain growth under cyclic nanoindentation tests on pure nickel 
of average grain-size 30 nm [Schwaiger, 2006]. Figure 5-3 shows TEM images 
under the indenter from this study with the arrows denoting the edge of the indenter. 
At these locations, grain-size close to the micrometer range was observed, showing 
significant grain-growth when compared to the initial average grain-size of 30 nm. 
Jin et al demonstrated such deformation-induced grain-growth in ultra-fine 
aluminum [Jin et al., 2005]. Grain growth for nanocrystalline materials has also been 
reported in other loading conditions such as tensile stress and uniaxial compression 
[Fan et al., 2006a; Fan et al., 2006b]. Mechanism governing such dynamic grain-
growth is yet to be established and is being actively pursued through experiments 
and numerical simulations [Schwaiger, 2006; Zhu et al., 2006]. 
 
Figure 5-1: Bright-field TEM pictures of a 99.999% pure nanocrystalline IGC Cu sample with 
average grain size of 20 nm at locations (a) away from the indents, (b) inside an indent after 
10 s of indenter dwell time and (c) inside the indent after 30 min of dwell time. (from Zhang 
et al, 2005) 
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Figure 5-2: Number fraction grain-size distribution in pure Cu, post indentation (a) initial 
condition, (b) post indent with 10 sec dwell time and (c) post indent with 30 min dwell time. 
Grain growth can be clearly seen in these figures compared to the initial state (from Zhang et 
al, 2005) 
 
Figure 5-3:  Grain structure of the 30 nm pure Ni following 106 loading cycles using a 
pyramidal tip. Areas of highly stressed indented region (along the indenter edge, as 
indicated in the insert) marked by arrows above show significantly larger grain sizes (and 
hence grain-growth) through the presence of grains close to 1 µm as compared to the initial 
grain-size of 30 nm (figure from Schwaiger, 2006). 
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These studies thus clearly demonstrate the microstructural instabilities of 
nanostructured metals and alloys. Though the governing mechanism is yet to be 
determined, these observations are of immense practical importance since the 
strength of nanocrystalline materials is extremely sensitive to grain-size (Hall-Petch 
relationship). Unstable grain-growth in a homogeneous nanostructure can result in 
the failure of the structure due to loss of strength at critical locations. This effect 
becomes even more critical in grain-size graded structures, because unstable growth 
can not only affect the overall strength of the material, but also suppress or even 
partly offset the effects of gradient. Thus, it is important to identify these instabilities 
for the graded nanostructures, however no such study exists so far. An attempt is 
made here to address these issues through single step and multi-step indentation 
experiments, as detailed below. 
5.1 Materials Used and Experimental Procedure 
The grain-size graded electrodeposited Ni-W alloy was used in this study, the 
processing of which is described in detail in Chapter 4. In addition to the decreasing 
grain-size arrangement described earlier (here called the positively graded material, 
the gradient being in terms of the yield strength), a sample with grain-size increasing 
with depth (referred to as the negatively graded material) was also used, both shown 
schematically in Figure 5-4. Homogeneous Ni-W at the two ends of graded grain-
size range, namely 90 nm (coarse) and 20 nm (fine), together with homogenous 
nanocrystalline and ultra-fine grained (UFG) pure Ni (obtained from INTEGRANTM, 
Canada) were also included in the study. 
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Figure 5-4: Schematic of graded material with decreasing (positively graded) and increasing 
(negatively graded) grain arrangement. The graded zone of the positively graded sample 
varies from approx. 90 nm on the surface to 20 nm below, while that of negatively graded 
sample varies from approximately 20 nm on the surface to 90 nm below. The depth of 
graded zone is 50 µm as before. 
The grain structure and tensile properties of the pure Ni used here has been 
characterized in an earlier study [Schwaiger et al., 2003], the mean grain-size from 
that being 20 nm (nc Ni) and 200 nm (UFG Ni). Similarly, the homogeneous and 
positively graded Ni-W sample has been characterized earlier in this study (Chapter 
4). No further characterization of these materials was undertaken here. For the 
negatively graded sample, TEM observations were taken at the top surface (JEOL 
2011FX) using the polishing steps described in section 4.4.1. Figure 5-5 shows the 
surface microstructure obtained with the grain-size lying within a close range of 15-
20 nm for this material. 
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Figure 5-5: TEM microstructure of the negatively graded Ni-W alloy at the top surface. 
Single and multi-step indentation was performed on the NanoTest600® (Micro 
Materials Ltd, Wrexham, UK). This is a pendulum-based depth-sensing platform 
described in detail earlier in section 4.3.2. For the current study, single and multi-
step indentations were performed on the low load head of the machine (i.e. load 
range < 500 mN) at a loading rate of 2 mN/sec. The loading range was chosen to 
minimize the effect of machine compliance. Single step indentations were performed 
for maximum loads of 100, 200, 300, and 400 mN loads and multi-step indentations 
were performed at load range of 50 to 400 mN in eight steps, with step size of 50 
mN. Five to eight indentations were performed at each load and the averages of these 
were plotted, as discussed in the following section. 
5.2 Results and Discussion 
5.2.1 Single Step Indentation 
Figure 5-6 shows the single-step load-depth response for the homogenous and graded 
materials, with Table 5.1 showing related values for the same. For the positively 
graded material, the load-depth response increasingly deviated from that of its 
homogeneous counterpart (i.e. having similar surface grain-size), indicating the 
stiffening effect in the graded material. For negatively graded material, the deviation 
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from the load-depth response of its homogeneous counterpart (i.e. fine Ni-W) is 
small, though detectable as a slight softening. The smaller deviation is due to low 
negative gradient (β -0.006/µm vs. +0.016 in positive gradient based on the estimate 
in Chapter 4), coupled with the shallower depths of indentation.  
Sample type Surface grain-size (nm) 
Max Depth 
(nm) 
Hardness  
(GPa) 
Ni-W, homogeneous fine Ni-W 20 1508.3±15.8 6.45±0.05 
Ni-W, homogeneous coarse 90 1856.2±17.4 4.84±0.22 
Ni-W, negatively graded 20 1582.9±16.3 6.52±0.13 
Ni-W, positively graded 90 1730.8±19.5 5.45±0.12 
Table 5-1: Indentation depths and hardness of homogeneous and graded Ni-W alloys at 
maximum indentation load of 400 mN, loaded at a rate of 2 mN/sec. 
 
Figure 5-6: Single-step indentation curves for the homogenous and graded samples at a 
maximum load of 400 mN. The stiffening/softening effect of grain-size variation with depth is 
visible from the deviation of the curves of the graded sample from their homogenous 
counterparts. 
 - 134 - 
5.2.2 Multi-step Indentation 
Multi-step or cyclic indentation is an extension of the commonly used single step 
indentation tests. In this test, a sample is loaded and unloaded at the same location, 
the load remaining either constant or varying in some controlled manner. This testing 
method can be used for a variety of purposes such as rapid property extraction, 
evaluation of low cycle fatigue [Reece and Guiu, 1989], and indication of 
deformation induced micro-structural changes under constant or gradually increasing 
load [Pan et al., 2006, Saraswati et al., 2006, Vliet and Suresh 2002]. With most of 
the commercial indenters providing the capability to control these tests, this 
technique is becoming increasingly important.  
Here, multi-step indentations were performed to study deformation induced 
microstructural changes through comparison with single-step indentation at same 
maximum loads. The load-depth responses from the single-step and multi-step 
indentation experiments for the homogeneous Ni-W material are shown in Figure 
5-7a with their corresponding hardness values in Figure 5-7b. Similarly, Figure 5-8 
shows the results for the graded material. The results for nanocrystalline and UFG 
pure nickel are shown in Figure 5-9 and Figure 5-10 respectively. The changes in 
mechanical property response (indentation hardness H and elastic modulus E) for all 
the four Ni-W are summarized in Figure 5-11, with the hardness and elasticity values 
calculated using the Oliver–Pharr method incorporated in the instrument software 
[Oliver and Pharr, 1992]. 
By comparing the variation in hardness for the graded material obtained from the 
multi step indentation with that of single step indentation response at same maximum 
loads, softening is clearly observed through reduction in hardness across all loading 
ranges (Figure 5-8). For the homogeneous Ni-W alloy, much smaller differences are 
observed for the same (Figure 5-7). Through the hardness variation plots of Figure 
5-11a, the positively graded material appeared more stable than the negatively 
graded sample. A similar behavior can also be observed in the elastic modulus plots 
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shown there (Figure 5-11a], where the changes for the negatively graded material are 
higher than that of the positively graded material. In the case of pure Ni, while the 
nanocrystalline material was observed to soften during multi step indentations, no 
detectable difference in behavior was observed for the UFG material (Figure 5-9 and 
Figure 5-10). These results are in line with earlier work on pure nanocrystalline 
nickel where softening was observed during multi-step indentation at the low loading 
rates [Pan et al., 2006]. 
Loss of hardness (or strength) through softening of the load-depth response in multi-
step indentation can be related to the grain-growth in these materials due to the close 
relation between strength and grain-size (Hall-Petch relationship). The results above 
thus provide an indication of the microstructural instability associated with the 
materials. The negatively graded material shows the most softening and is therefore 
associated with greater instabilities than the homogeneous or the positively graded 
samples. The positively graded material, which has been the focus earlier in this 
work (Chapter 4), also shows instability, though smaller, as mentioned above. 
5.3 Limitations 
As described here, it is important to identify the limitations of this study and its 
impact on the current results: 
• The Oliver and Pharr (Oliver and Pharr, 1992) method used to extract the 
hardness and modulus response for materials undergoing pile-up is known to 
result in error, the value of error depending on the amount of pile-up 
[Bolshakov, 1998; Oliver and Pharr, 2004; Xu and Agren, 2004]. This is 
important for the absolute values of properties extracted, since the Ni-W 
material system used in the study undergoes pile-up under indentation and 
sliding. However, due to low differences in the pile-up across these four 
samples [Chapter 4], the comparative behavior across samples is not expected 
to change. This observation is important for the validity of the current study. 
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• The results discussed here are based on a limited set of indentation 
experiments, performed at a fixed loading rate on 2 mN/sec. Nanocrystalline 
materials show greater sensitivity to strain and loading rates [Schwaiger et 
al., 2003, Wang and Ma, 2004a], however, the effect for these parameters has 
not been examined in the present study.  
Hence, while the results above are a good indicator of the expected trend in behavior 
for the graded Ni-W sample, further characterization including in-situ TEM image 
and/or pre and post TEM observation is required to confirm the behavior for wider 
test conditions. 
5.4 Conclusions 
Conventional single-step instrumented indentation experiments, along with their 
extension to a multi-step indentation, can be used to extract information about the 
mechanical behavior of materials, including indication of micro-structural instability 
under increased deformation levels. In this research, the mechanical behavior of 
grain-size graded electrodeposited Ni-W alloys was studied by single and multi-step 
instrumented nanoindentation experiments. The results were compared with those of 
the corresponding homogeneous alloys and pure nanocrystalline and UFG samples. 
It was demonstrated that multi-step loading affects the hardening of the material over 
a broad range of applied loads. These effects were more pronounced in the graded 
samples, where the arrangement with decreasing grain-size was observed to be more 
stable than the increasing grain-size arrangement. Finally, the limitations of this 
study were stated, and further work was identified to investigate the microstructural 
stability of the graded samples under broader testing parameters. 
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6 Conclusion and Further Work 
6.1 Conclusion 
In this thesis, a systematic computational and experimental study was performed to 
quantify the effects of plastic gradient in yield strength on the sliding response. The 
key results can be summarized as follows. 
1. The presence of a positive gradient causes an increase in the load capacity, 
this effect increases at steeper gradients. In addition, a positive gradient also 
increases pile-up at shallower values of gradients. The zone of gradient 
influence was identified as within five times of the penetration depth as 
evident in the Figure 3-10 and shown schematically in Figure 3-22. The 
increase in load capacity comes with the beneficial distribution of failure 
stresses such that the higher stressed zone moves toward the interior, with 
similar surface stresses compared to the homogeneous material (Figure 
3-22b). 
2. The apparent friction coefficient decreases in presence of a positive gradient 
through a decrease in the ploughing coefficient as seen in Figure 3-13. A 
decreasing friction coefficient causes a lower pile-up in scratch, while 
causing an increased pile-up in indentation in the homogeneous and graded 
materials as shown in Figure 3-15. 
3. Dimensional functions are formulated (as detailed in section 3.5) to predict 
the response of graded material in a scratch test for the parametric space 
analyzed. The concept of “representative depth” is introduced to predict 
hardness (Figure 3-11), where the representative depth is defined as “the 
depth below surface, at which the yield stress denoted by zrepr,σ  can be used 
to characterize the normalized scratch hardness, independent of material 
gradient”. The dimensional functions, together with hardness prediction lay 
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the basic groundwork for the prediction of response of graded materials under 
sliding contact over a broader range of material parameters. 
4. The applicability of the parametric analysis using FEM to grain-size graded 
nanostructured material was verified through close agreement of the 
numerical prediction with the experimental results. As detailed in Table 4-1 
and Table 4-2, the graded sample showed a stiffening effect from its 
homogeneous counterpart through approximately 7% reduction in the in-situ 
depths both in experiment and simulation. The overall in-situ depth response 
agreed within 8%, with much closer agreement in the friction and pile-up 
response.  
5. Graded nanostructured materials showed a softening effect in the load-depth 
response during multi-step indentation, indicating the presence of 
deformation-induced microstructural instability (Figure 5-11). The effect was 
more pronounced in the negatively graded material (i.e. grain-size increasing 
with depth) than in the positively graded material (i.e. grain-size decreasing 
with depth). 
6.2 Further Work 
Based on the current analysis of sliding contact on plastically graded surfaces, the 
following areas of future work are identified. 
1. Both indentation and scratch hardness relate to the plastic properties of the 
materials, and hence, the two hardness values are related. Additionally, there 
is considerable practical advantage in predicting this relationship, as analysis 
of indentation testing is roughly two to three orders of magnitude faster, both 
through experimental and numerical methods. At this time, however, no 
universal method exists to determine this relation, though earlier work 
including the current study, have laid down the basic groundwork. Thus, 
further work on indentation and scratch testing should be attempted to find a 
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universal relationship between the two measures of hardness, for both the 
homogenous and the graded materials. Such work is not trivial, given that 
materials with different hardness values can give a similar load-depth 
response in indentation testing [Dao et al., 2001], and material with similar 
indentation hardness values can have different scratch hardness [Bellemare, 
2006]. 
2. Positive gradient in yield strength leads to an improved load capacity and 
stress distribution response (shown in the current study), together with 
increased crack shielding [Kim et al. 1997]. However, the gradually 
decreasing grain-size required for such a gradient can be deleterious for the 
existing cracks, as in nanocrystalline materials the crack propagation rate 
increases with a decrease in grain size. The reverse will be true for a negative 
gradient in yield strength in graded nanocrystalline materials. Further work is 
thus required to understand these aspects for optimum design of grain-size 
graded nanostructured PGMs. 
3. Understanding of the grain-growth and other microstructural instabilities in 
homogeneous and graded nanostructured materials should be explored in 
future work. This is required given the impact of these instabilities on the 
design and application of tailored nanostructures for various functional 
applications. 
In summary, the significance of plastic property gradient as an important tool in the 
design of functional materials was recognized earlier. However, the present study 
identifies practical guidelines for the design, and for the understanding of the 
mechanics of deformation in these materials. This work, together with future areas of 
research identified here, can provide a thorough understanding of the effects of 
plastic gradient. Such knowledge is required for the optimum design of damage 
resistant surfaces. 
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A: Additional detail on dimensionless 
analysis 
Based on FEM predictions of the changes in scratch test variables (
m
p
h
h
, 2
, msurfy h
P
σ  
and appµ ) with changes in 
surfy
E
,
*
σ   and mhβ , dimensionless functions were derived in 
Chapter 3. The details of the steps involved in this process are describe here or a 
generic variable  ),*(
,
m
surfy
hEY βσΠ= , followed by details for the particular forms of 
the above scratch tests variables.  
The process involves two-step non-linear error minimization (NLEM) process, as 
described below. 
Step 1:  Choose a form of the function to fit βY  vs. 
surfy
E
,
*
σ  plots, for each of the 
five values of mhβ  based on general trends in behavior. For this chosen 
function, obtain the best fit through NLEM. This gives the values of the 
fitting coefficients. For each of the five βY  vs. 
surfy
E
,
*
σ  plots, this leads to 
five sets of the fitting variables. This step involves trial and error to get a 
best fitting functional form. 
Step 2: Apply a similar process to fit each of these five sets of functional 
coefficients of step 1 with respect to mhβ . This gives a generalized 
equation of the coefficients as function of mhβ .  
The above steps are illustrated through the examples below for the scratch test 
variables. 
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A.1 Pile-Up prediction 
The desired function is ),*(
,
2 m
surfym
p hE
h
h βσΠ= . Based on the general trend of the 
numerical prediction (Figure 3-8), function of the form )
*ln(
,
h
surfy
hh C
EBA +− σ  
was chosen to fit each of the individual curves. This resulted in five values for each 
of the coefficients hhh CBA  and ,  as shown by the points in the figure below. For the 
second step, a parabolic functional form was chosen to fit each of hhh CBA  and ,  as a 
function of mhβ  as shown by the solids lines in the figure.  
 
Figure A-1: Variation of the parameters hhh CBA  and , as a function of the gradient. The 
points denote the values step 1 and the lines denotes predictions of the curve obtained in 
step 2.  
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Load prediction 
The desired function is ),*(
,
12
,
m
surfymsurfy
hE
h
P βσσ Π= . Based on the general trend 
of the numerical prediction, function of the form )*ln(
,surfy
PP
EBA σ+  was chosen 
to fit each of the individual curves. This resulted in five values for each of the 
coefficients PP BA   and  as shown by the points in the figure below. For the second 
step, a parabolic functional form was chosen to fit each of PP BA   and  as a function 
of mhβ  as shown by the solids lines in the figure.  
 
Figure A-2: Variation of the parameters PP BA   and  as a function of the gradient. The points 
denote the values step 1 and the lines denotes predictions of the curve obtained in step 2 
above. 
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A.2 Friction prediction 
For this, the desired function is ),*(
,
3 m
surfy
app
T hE
P
F βσµ Π== . Based on the 
general trend of the numerical prediction (Figure 3.12), function of the form 
µ
σ
µµ CsurfyEBA )*(
,+  was chosen to fit each of the individual curves, resulting in five 
values for each of the coefficients µµµ CBA  and , . For the second step, a parabolic 
functional form was chosen to derive generalized equations for each of these 
coefficients as a function of mhβ . The individual values of µµµ CBA  and ,  and the 
derived parabolic fit for the second step is shown in the Figure A.3 below. 
 
Figure A-3: Variation of the parameters µµµ CBA  and ,  as a function of the gradient. The 
points denote the values step 1 and the lines denotes predictions of the curve obtained in 
step 2 above.’ 
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A.3 Hardness Fit 
 
 
 
Figure A-4: The normalized hardness plot, using representative strain of 33.6% and 
representative depth of 0.65hm, shown here with 5% error bars. 
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B: Additional details on Computational 
set-up 
B.1 Frictional Sliding on homogenous materials 
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Figure B-1: Comparison of frictional sliding response of the FEM setup from theoretical 
solution of Hamilton and Goodman. (a) The von Mises stress captures the predicted trend of 
movement of the maximum stress i.e. maximum stress moves closer to surface with 
increase in friction, and (b) prediction of maximum von Mises stress from theoretical and 
numerical prediction.  
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B.2 Conical Indentation in Elastic-Plastic Material  
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Figure B-2: Comparison of load-depth response from three-dimensional FE prediction with 
that of analytical solution of Dao et al, 2001 for the case of homogeneous materials with 
E/σy=100, n=0.0. 
B.3 Indentation in EGMs  
 
   
Figure B-3: Comparison of elastically graded material using the current set-up (on left) and 
earlier theoretical and analytical solutions (on right, based on Giannakopoulos and Suresh, 
1998) to verify the implementation of external subroutine.  
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B.4 Indentation in PGMs 
 
Figure B-4: Comparison of graded load-depth response of current study with earlier analysis 
by Insuk-Choi for a range of plastic gradients at two different values of strain hardening.  
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C: Indenter Geometry 
C.1 Geometric Similarity  
The principle of “geometric similarity” states that when a constant ratio of the 
penetration depth to the contact semi-width (i.e. of h/a in Figure C-2) is maintained 
in an indentation, the stress-strain distribution below the indenter will be independent 
of the size of indentation. The figure below illustrates this through two common 
indenter geometries namely the conical indenter with an apex angle of α and a 
spherical indenter of radius R. For the conical indenter, the ratio is given by eq. (c-
1a), while for the spherical indenter the ratio is given by eq. (c-1b) 
== βtan)( conicala
h constant (c-1a) 
)()( hf
a
h
a
h
sphere ==  (c-1b) 
 
 Thus clearly, conical indenters lead to geometrically similar indentations, while for 
spherical indenters, the stress-strain distribution is a function of penetration depth h.  
 
 
Figure C-1: Geometric similarity for (a) Conical (b) Spherical Indenter (figure from Johnson, 
1970) 
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C.2 Sharp Indenters and Equivalent Berkovich  
 
 
Figure C-2: Typical “Sharp” indenter geometries (figure from Fisher-Cripps, 2000) 
Indenters, which lead to geometrically similar indentation, are defined here as “sharp 
indenters”. Figure C-2 demonstrates some of the commonly used sharp indenters 
where the Vickers indenter is a four-sided square shaped pyramid with semi-angle of 
α of 680 while the Berkovich indenters is a three-sided pyramid, with an apex angle 
of 65.30. The apex angles of Vickers and Berkovich indenters are chosen so that they 
lead to geometrically similar indentations.  
The conical indenter that gives same projected area as the Berkovich indenter is 
defined as an “Equivalent Berkovich” indenter. The apex angle α (Figure C-2a) for 
such a conical indenter is deduced as 70.30. 
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